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1. Types of Number ‘

1. Integers
"Integer”is just a posh word for whole number.

The thing to remember is that integers can be positive or negative
So:1,7,298,-3, 0and -49 are all integers, but 2.5 is notl

2. Rational Numbers
Rational Numbers are numbers which can be written as fractions.

Don't Forget: the top and bottom of the fraction (numerator and denominator)
must be whole numbers (integers).
So: 4is arational number as it can be written as: % opr % '\

0.6 is a rational number as it can be written as: %U or %

even 4.2857 142857 14... is a rational number as it can be written as: 3%

3. Irrational Numbers

Irrational Numbers are just the opposite of Rational Numbers

They cannot be written as a fraction,

In fact, when these numbers are written in decimal form, the numbers go on
forever and ever and the pattern of digits is not repeated.

@.9. The most famous Irrational Number is pi (1), which is 3.1415927 ..., but 42 and
V7 are irrational too
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4. Square Numbers
You can get a Square Number by multiplying any whole number (integer) by itself
So: The first square number is 1, because 1 x 1 = 1.

The second square number is 4, because £ x 2 = 4, and so on...

The first ten square numbers are: 1, 4, 9, 16, 25, 36, 49, 64, 51, 100

Look: L L
You can also get all the square numbers co oeoe -4
by counting the dots in square patters: © oo ooe eooe

5. Triangle Numbers
You can get all the Triangle Numbers by starting with 1, and then adding £, then
adding 3, then adding 4, and so on...
So: The first triangle number is 1
The second triangle number is 3 (1 + Z)
The third triangle numbersis 6 (1 + 2 + 3)
The first ten triangle numbers are: 1, 3, 6, 10, 15, 21, 28, 36, 45, 55

Look: ®
You can also get all the triangle numbers o oo ooe
by counting the dots in triangle patters: ° ce  ooe ceoe cecoe

Challenge:

By looking at the dot patterns, can you see why every time you add together two
consecutive triangle numbers, yvou get a square number?
@.g. 15+ 21=36,which is asquare number, and 36 + 45 = 8], which is also a

square humber!
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6. Cube Numbers
You can get a Cube Number by multiplyving any whole number (inteqer) by itself
and then by itself again.
So: The first cube numberis |, because 1 x Ix 1= 1.
The second cube number is B, because 2 x £x £ =18, and so on...

The first ten square numbers are: 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000

Look:
If Mr Barton was in any way artistic, he would show you
that you can get all the cube numbers by counting dots '
in cubes. Don't take my word forit, try it yourselfl .

7. Factors
The Factors of a number are all the whole numbers {(integers) that divide into
yvour number exactly (there must not be a remainder!)
Don't forget: 1is a factor of all numbers, and sois the number itselfl
@.q. The factorsof 12 are: 1, 2, 3,4, 6 and 12
The factors of 55 are: 1, 5, 11, and 55

ChaHenqe:

Have you any ideawhy all square numbers seem to have an odd number of factors?

8. Multiples

The Multiples of a number are all the numbers in vour number’s times table

Don't forget: you must count the number itsel fl

@.g. Some multiples of 7 are: 7, 14, 21, £28... but there are loads more, like 700 and 4445
Some multiples of 21 are: 21, 42, 63... but there are loads more, like 231 and 1050
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9. Prime Numbers
For some reason, people always get confused with prime numbers, so try to remember this
definition and you won't go wrong:
A prime number is a humber that has exactly 2 factors, no more, no less
So: 1 is NOT aprime number, as it only has one factor (1)
2 isaprime nhumber as it has two factors (1 and 2)

Don't Forget: 2 is the only EVEN prime number!

7 isaprime humber as it has two factors (1 and 7)

21 is NOT aprime number as it has four factors(l, 3,7 and 21)
1061 is aprime number as it has just two factors (1 and 1061)

Look:

Unfortunately, there does not seem to be any patterns

to help us find all the prime numbers, but it's not all bad news.
I think the prize for finding the largest prime number is about
§ Imillion, and its even more if you find the pattern!

If you have a spare 5 minutes, why not give it a go.

Anyway, until then, here are all the prime numbers between 1 and 100:

M

01, 13,1719, 23,29, 31, 37, 41,43, 47, 563,89, 61, 67, 71,73, 79,83, 89 and 97,

Return to contents page




2. Prime Factors, HCF & LCM

1. Prime Factors
Any positive intfeger can be written as a product of its prime factors,

MNow, that may sound complicated, but all it means is that you can break up any number
into a multiplication of prime numbers, and it’s really easy to do with Factor Trees!

Dont Forget: 1isNOT a prime number, so will NEVER be in your factor tree

@.9. Express 60 as a product of its prime factors

60 You can bredk the
number up however you
like:
6x100r12x5
X
Continue bredking up
each new rumber into a
@ @ @ multiplication
Stop when you reach a
Prime MNumber and put a
ring around it

Ixdx<ZdxH =60

. Check your answer by
??% multiplying all the e
\L//'} numbers together I 2% 2% 5 =60 {?\\_—/)
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Look: Even though we started a different way, we still ended up with the same answer!
MNow, it looks good if you write your answer starting with the smallest numbers:

S0:60=xdx3IxH

And ifyouwant to be really posh, you can use indices: ‘
50:60=22x3 x 5 -‘“

Now we'll do a harder one, but the technique is just the same. » s
@.9. Express 300 as a product of its prime factors

360 You can bredk the number up

however you like. I just went for 36
/ \ % 10 because it was easy to spot

Continue bredking up each new
humber into a multiplication

/ \ / \ Stop when you reach a Prime
Mumber and put a ring around it
\ Check your answer by multiplying all

the numbers together

| Write the numbers in order |

IxdxIxdxeexbH=360

160 :=2%2x2?%x3x3Ix5 | If you con, use indices |

360=25x32x5
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2. Highest Common Factor

The Highest Common Factor (HCF) of two numbers, is the highest number that divides
exactly into both

3. Lowest Common Multiple

The Lowest Common Multiple (LCM) of two numbers, is the lowest number that isin the
times table of both your numbers

MNow, you can find both of these by trial and error, but I will show vou a better wayl
2.9. Find the LCMWM and HCF of 24 and 40

First, use Factor Trees to express your numbers as products of their prime factors:

/ N
VANAN

x 40=2xdxdx5
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MNow, write your answers on top of each other, like this:
2d=2x2xdx 3

0= xx2xH

Draw two inter-locking circles, and label one 24 and the other 40

24 -~ 40
/ Any numbers that appearin
/ both answers goin the
3 middle (the three Zs).
The numbers left over goin
the circle they belong to

MNow, here is the clever bit:

To get the Highest Common Factor vou just multiply all the numbers in the middle
So, HCF =¢2x2x2=8

To get the Lowest Common Multiple you just multiply every number you can see
So, I CM=3xdx<dx2x5H=120
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‘ 3. Bodmas

A question... ?
Whatis: 3+ 2x 47

O

MNow, if you said 20, then I am afraid you are wrong.

Ifwyou try the sum on your calculator - and so long as it is not one of those you get free
in a cereal packet - then the answer that should appear on the screenis 11

But why?...
Well,it's all to dowith BODMAS, or BIDMAS depending on which one vou prefer,

Thisis a set of rule which tells youwhich order vou must do operations (like add, divide
etc)in order to get questions like the one above correct,

So, what does it stand faor?...

If there are any brackets in your sum, work out what is
B Brackets inside them first, And remember: you must use the rules
of Bodmas inside your brackets!
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O | Order or Next up you must look for powers, such as 27 and work
Or Indices them out

Mow it's time to sort out your divisions. And remembenr:

D Divide

divisions can look like this: = or this: =

4
M Multiply MNext comes the multiplications ><
A Add Then add the additions +
S Subtract And last but not least, the subtractions T

And so long as you follow these rules carefully, you shouldn™t go wrong!

But let’s go through three examples together.. !

A_H

LN
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Example 1 — Quite Nice

20— (3+2)x3

1. The first thing we need

to do is to sort those B
brackets out. 3+ 2 = B, s0 20—-5x3
we are left with this new
sum:

2. We have no powers and
no divisions, so next up is our > 20 - 1 5

multiplication. 5 x3 = 15,
leaving us with this:

/S\-I
3. And now life is easy! > 2/

50, as I hope you can see, all we need to do is break down long, complicated
sums into smaller, more manageable ones. And so long as we take our time, and

write down each step, we should be okay. |
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Example 2 — A Bit Trickier
3+(2x32-3)+5

1. Again, the first thing we need to do is to sort those
brackets out. Let's concentrate on them and worry
about the rest of the sum later:

2. We must make sure we use the same rules of
Bodmas inside the brackets. So first we must deal with

our power, Remember: 3% is 9, not 6l
3. No divisions, so next up is the multiplication:

4. Which leaves as a nice subtraction, and tells us the
value of our brackets:

5. Now we can return to our original problem, and
thankfully it looks a lot nicer:

6. Keep your brain switched on at this point and
remember to do the division first.

7. And even though you might have to go onto two
hands to count your fingers, you should get the answer
to this one correct

Right, are vou ready for this one...
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Example 3 — A Nightmare 104+ 2x3

10-2°

1. MNow, you might not think there are any brackets on
this sum.. but there are! Whenever the division line

goes right across, it is like there are brackets on the
top and the bottom, because the whole of the top must

be divided by the whole of the bottom:

2. Right, let sort the top bracket out first:
3. Usual deal, multiplication first:

4. Which means the top of the division is easy enough
to work out:

5. Now we have the bottom to deal with:

6. We have to do the power first, and remember, 2% is
8, it is definitely not 6!

7. Which tells us that the bottom of the division is:
8. Which leaves us with a very nice division to do:

9. Which finally gives us our answenr:

(&

(10 +2x3)

(10—2°)

(10 +2x 3)

(10 + 6)
16

(10—-27)
(10—8)

2
16

2
()

\

Phew! Andif you followed that, you deserve a breakl
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4. Rounding and Approximations

A Question...

Imagine you are walking along the street and someone stops you and asks you to do this
hice little sum in your head in 30 seconds...

606022 Lf you are anything like my pupils, I can
imagine what you might say, and I cant write

3 1092« 5 Q5 it on this website..

But, with a little knowledge about rounding and approximations, you should be
able to tell that person that the answer is about £, and then ask them to kindly
leave you alone

1. Rounding 62(1;;[[‘

MNow, there are lots of degrees of accuracy you will need to know how to round to, but
the way to tackle any question you could ever possibly be asked is always the same:

1. Circle the last digit you need - what I will call the Key Digit

2. Look at the unwanted digit to the right foit-ifitis 5 or above add one on to your
Key Digit, ifitisless than five, leave your Key Digit alone.

3. Be very careful of the dreaded number 9.
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(a) decimal places

The most common degree of accuracy you are asked to round tois a number of decimal

places.

Because mathematicians are lazy, this is normally shortened down to dp.
@.9. 9960 (Zdp) means that the answer was probably really long, but when rounded to

two decimal places, it was 5.96

The thing you need to remember, and the thing that sounds really obvious, is that if
the question asks for two decimal places, you must give two, no more, no less!

Exarmple 1
Round 5.639 to 1dp

5 .(6)3 9

1. We start by putting a ring around our Key
Digit, Now the question hos asked for 1
decimal place, so our key digit is the 6, as it
occupies the 15 decimal place

2. Next we look at the digit to the right to it
- the unwanted number 3. It is less than B, so
we leave the key digit alone,

3. S0, to one decimal place, our answer is:

5.6 N

Example 2
Round 12.0482 to 2dp

12.0(4)8 2

1. This time the Key Digit is in the 2™
decimal place, which makes it the 4

2. The unwanted digit to the right of it isan
8, which is definitely & or above, so we must
add one onto our Key Digit

3. S0, to two decimal places, our answer is:

12.05 ?x\*j
=S N
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Example 3
Round £5.72037 to 3dp

25 .720)37

1. This time the Key Digit is in the 3rd
decimal place, which makes it the 0

2. The unwanted digit to the right of it iz 3,
which is definitely less than 5, so just leave
our Key Digit alone

3. S0, to three decimal places, our answer isty )

?— '
&
Be careful: Some silly people will put 25.72 down as
the answer thinking that the 0 makes no

difference. But it does! The question has asked for
3dp, so give them 3dp!

(b) nearest whole, 10, 100, 1000 etc

Example 4
Round 3.7952 to 2dp

3.70)52

1. This time the Key Digit is in the 2™
decimal place, which makes it the 9

2. The unwanted digit to the right of it isa
B, which is 5 or above, so we must add one
onto our Key Digit

But: if we add one to our key digit, we get 10!

So, we must add one to the next digit as well,
which is the 7

3. S0, to two decimal places, our answer is:

380
&)

These are the nicest types of rounding questions, and solong as you have your brain
switched on, you shouldnt get foo many of them wrong. But dont get cocky, as you

can easily make mistakes!

Remember: the size of your rounded number should be a similar size to the number in
the question, and you must use zeros to help you with this
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Example 1

Round 3.825 to the nearest whole number

3).825

1. Qur Key Digit is always the degree of
accuracy the question asks for, which in this
case is whole numbers, so we need the 3.

2. The unwanted digit to the right of it iz 8,

which is definitely more than 5, so we add
one to our Key Digit.

3. S0, to the nearest whole number, our answer is:

4

Example 3
Round 4,365,901 to the nearest thousand

4365901

1. We want the nearest thousand, so our Key
Digit must be the number that represents
the thousands which is the &

2. The unwanted digit to the right of it is 9,
which is definitely more than 5, so we add
one to our Key Digit,

3. So, to the nearest whole number, our answer is:

4,365,000

Example 2
Round 32,5825.2 to the nearest hundred

32825 .2

1. We want the nearest hundred, so stick
the ring around the digit in the hundreds
column, which is the 8.

2. The unwanted digit to the right of it iza

2, which is less than 5, so we leave our Key
Digit alone,

3. So, to the nearest hundred. our answer is:

32,800
N

Py
Round 3,999 to the nearest ten ‘o=

39099

1. We want the nearest ten, so the Key Digit
must be the 9 in the tens column

Example 4

2. The unwanted digit to the right of it isa
9, =0 we add one on, but we then need to add
one on the next 9, and then the 3!

3. So. to the nearest ten, our answer is:

4 000
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(c) significant figures

In higher level SATs, and especially in GCSE and A Level, the nasty examiners are

obsessed with Significant Figures.

~
Again, there is alazy way of writing this, which is sf or sig fig. | -.f’ﬂ“‘

-/

Crucial: The first significant figure is always the first non-zero number you come
across. The second significant figure is the number to the right of that, and so on...

Remember: the size of your rounded number should be a similar size to the number in
the question, and you must use zeros to help yvou with this,

Exarmple 1
Round 28.53 to 1sig fig

2)8 .53

1. The Key Digit has the be the first
significant figure, which must be the &, as it
iz the first non-zero number

2. Now we carry on as normal looking to the number
to the right, which is an 8, so we add one on.

3. S0, keeping the size of the answer the
same as the question with a zero, to 1 sig fig
the answer must be:

30

Example 2
Round 5,322 to £ sig figs

5(3)2 2

1. The Key Digit isin the place of the 2™
significant figure, which is the 3

2. The unwanted digit to the right of it is 2,
which is definitely less than 5, so we leave
our Key Digit alone

3. S0, again using zeros to help us, to two sig
figs, our answer is:

5300
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Example 3
Round 0.027 to 1sig fig

0.0027

1. Qur first significont fiqure is the first
hoh-zero number, which means it's the 2

2. The unwanted digit to the right of it is 7,
so we add one to our Key Digit,

3. No need for extra zeros here, so to the 1
sighificant figure our answer is:

0.03

—

Example 5

Round 4.0004 to £ sig figs

4.0)004

1. The 1** sig fig is the 4, and so the 2™ is
the 0 (it iz after the 4, o it's significant).

2. The unwanted digit to the right of it is 0,
which iz definitely less than 5, so we leave
our Key Digit alone

3. S0, to 2 sig figs. our answer is:

4.0

Example 4
Round 305,216 to 3 sig figs

305216

1. The 1¥* sig fig is the 3, the 2™ is the 0 (it
is after the 3, so it's significant), so the Key
Digitis the b

2. The unwanted digit to the right of it isa
2, =0 we leave our Key Digit alone.

3. We need some zeros to make our answerp
the correct size, so to 3 sig figs:

305,200

Example &
Round 0.089722 to £ sig figs

0.08(9)722

1. Qur 15 hon zero number is the 8, so the
Key Digit must be the 9.

2. The unwanted digit to the right of it isa
7, =0 we add one on, but that gives us 10, so
we must add one to our 8 as well.

3. Keeping our answer the right size, we

have:
0.090
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2. Approximations

Right, now that we are experts at rounding, we
can use our skills to find approximate answers

(or estimates) to horrible looking questions like
the one at the start:

MNow, vou would need to be a bit of a freak to
do this in your head, but if you were to round

6.0602°

3.1092x5.95

62

each number to the nearest whole number, ar
I significant figure then you get:

2
And i fyou now use our BODMAS o

skills, you should be able to say: Iv 6

The actual answer on the calculator is pretty close:

So, if we want to sound 6-06022
clever, we can say that: 3 1092 % 5 95

5o, always look out for ways to use your rounding skills to turn tricky

looking sums into pretty easy ones!

-4

36

"3x6

3x 6

36

55— @

1.98521838...

2

Where the funny sign means:
“approximately equal to”
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l 5. Decimals

Things you might need to be able to do with decimals...

This will vary with your age and what maths sef you are in, but here is alist of some of
the things you might need to be able to dowith decimals:

1. Know the three fypes of decimals

2. Know how to add, subtract, multiply and divide using decimals

3. Understand the relationship between fractions, decimals and percentages
4. Know how to convert a recurring decimal into a fraction.

And ifyou are sitting comfortably, then I will begin...

1. The Three Types of Decimal

Here they are...

(a) Exact or Terminating
These are decimals that stop.

They do not go on forever, and so you can write down all their digits
e.g. 05, 0276, 0523894, 0.0000000004
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(b) Recurring
These are decimals that go on forever and ever, but some of the digits repeat,

e.g. 0.3333333.. 0454545454545, 0.14539145914591439...,

It is impossible to write down all the digits, so we use the dot notation
We place a dot (or two dots) to show which digits repeat

Examples
Here, only the & repeats, so we
. 989090009399 9. place the dot like this: " 0.
Mow it's the 1 4 3 repeating, so the
0.1431431431.. following is needed: —_— 0,
The 7 repeats, but the 3 does not, o
0.3777777777.. so it would be wrong to put a doton ——— 0.3 7

the 3. We need this:

Here, only the 3 4 1 is repeating, so
0.82341341341. place the dots at the beginningand  — 0.8 341
end of that group

(¢) Lrrational
These are what I call dodgy decimals
They go on forever and ever, but the digits do not repeat in a reqular pattern

@.q. pi, which is 3.1415926535897932...

Watch Qut: Your calculator only has so much space, so some recurring or irrational

decimals might look like the actually terminatel
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2. Working with Decimals

Ifyou can add, subtract, multiply and divide whole numbers (integers), then you should
be okay with decimals, so long as vou are carefull

(a) Adding and Subtracting

The key thing here is to write the numbers out on top of each other and line up vour
decimal points, That way yvou won't make a daft mistake

Example 1

12875 +0.34

Write the numbers out on top of each
other, and line up your decimal points

12 .87 5

* 0.34

Mow, so long as you remember how to
add, and be careful when carrying
numbers, you should get the answer

of:

13.215

Example 2

0.62 - 0.0159

Again, write the numbers out on top of each
other, and line up your decimal points

0.6 2 00
0.01589

Sometimes I find it easier to fill in zeroz on the
top line to make subtracting easier.

and remember all your rules from primary school
about borp owing from the number to the left

You should get: 0 6041
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(b) Multiplying

There are a few different ways of doing this, so feel free to ditch my methodif you
find a better one, but basically if there is awhole number involved I do the sum as
normal, and i f there are two decimals, then I change the question to make it easier!

Example 1

7 x 1.36

Write the numbers out on top of each other,
putting the whale number on the bottom

Remember: it doesn't matter which order you do
multiplications

1.3 6
o

MNow, just multiply each digit in furn by 7,
and remember to carry your numbers, and
you should end up with:

9.5 2 W

Example 2

032 x 0528
Now, I don't like the look of this at all, but if

I multiply the 0.322 by 100 and the 0.528 by
1000, then I get a much easier sum:

32 x 5B

Mow, I do these kind of sums using the grid
method, but feel free to use your own way:

15000
600

30 | <@ | 600 | 240 240
40

1000 | 40 16 10

2 16296

Mow, the answer to this question is 16,896, but to get
the answer to the original question we must undo our
changes, so divide by 100 ond then divide by 1000

Which gives us: 0.16896
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(c) Dividing

Fortunately, questions about dividing with decimals do not come up all that often, but
whenever they do I again use the same method:

1. Make the question easier by multiplying the numbers by 10, 100, or 1000

2. Do the easier sum

3. Remember to undo your changes by multiplying or dividing by 10, 100, or 1000 to get
the actual answer

Example 7592 - 1.3

Right, let's sort those horrible numbers out first,

Multiply the 75.92 by 100 and the 1.3 by 10, and things » 7DB92 + 13
should look a whole lot nicer

And then I do alot of talking to my=elf like this:
Mow, it all depends
how you like to do 131759072

these. I write it out * How many 13s qo into 752... Erm.. B, remainder 10, so carry the 10
like this:

* How many 13s qo into 77... None, so carry the seven

* How many 13s go into 109?... Erm.. erm.. 8, remainder 5

* How many 13s qo into B27... 4 exactlyl

Well, multiplying 75.92 by 100 made the answer

M 50. our answer is 554, 100 times too big, so we must divide by 100,
13)'1?5 Q72 bf’f _r'e_,memI_Je-r we must BUT: multiplying 1.3 by 10 made the answer 10
undo our changes times too small (o= we were dividing), so we

must multiply by 10

Which gives us: — 58 .4
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3. Fractions, Decimals and Percentages

Fractions, Decimals and Percentages are all clozely related to each other, and you need to be
comfortable chanqing between each of them,

Hopefully this diagram will help.

Follow the arrows depending on what you need to change, and follow the numbers for examples below

Fractions

Convert the fraction
so it's over 100, or
change to decimal and
then multiply by 100

®

Write it as a fraction
over 10, 100 or 1000
depending on the
number of decimal
places and then
simplify

®

Convert the
fraction so its
over 100 and

divide the top by Write the
100, Cl_PjUST divide percentaqe
top by bottom over 100 and

then simplifty
© ©

Multiply by 100 @

| . S
Decimals < | Percentages \
Divide by 100 @
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@ What is 0.364 as a percentage?

0.364 x 100
= 360.4%

Just multiply by 100
and be careful with
the decimal point!

Convert 8.3% into a decimal

®

Just divide by 100 and

again be careful with
the decimal point!

8.3 = 100
= 0.083

@ Write 0.16 as a fraction

Write E as a decimal

®

There are 2 decimal 16 x b
laces, so write it — We need to change the N
. 100 bottom of the fraction 13 65
over 100 s a0 Wfeiblen 1> _
o 100, remembering to
do the same to the top 20 100
MNow carefully jé. — _§_ = i ST ~—
S 1oE ov = fraction by 100 and you
have your answer! = 0.65
@ Write % as a percentage @ What is 12.5% as a fraction?
It's not easy to change this fraction 5 . g Start by writing the 125
over 100, so we must divide 5 by 8 percentage over 100 100
0.625 We need to simplity, but the 25
Use any method, but I do this: _— 855.000 decimal point makes it hard. Sowhy %2 —
" not multiply top and bottom by 2! 200
0.625 is the answer
as a decimal. so we 0.6c5 x 100 Mow we can simplity as normal to get the
must multiply by 100 = 62.5% S el s 25 5 1
200 40 8
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4. Convert a Recurring Decimal into a Fraction

As I hope you've seen, its not too bad to convert fractions into decimals, or terminating
decimals into fractions, but what about recurring decimals that go on forever?

Warning: Thisis hard! But bare with me and I'll try to take you through an example:

Example Convert 0,165165165165... into a fraction
1. We start with a bit of algebra: Let = = 0.165166166165...

2. We want to move the decimal point to the right

so that the repeated block of digits appears in 0165165165165 % 1000
front of the decimal point, so.. to move the point
3 places we must multiply by 10001

1000x = 165.1661656165165 ...
3. Now, if 0.165165165.. = x, then
166165165165, must equal.. 1000x! x = 0165165165165..

4. This is the clever/hard bit, If we subtract the
top from the bottom we get:

1000x - x = 9090x
165.1651651656 - 0.165165165 = 165

165.165165165..

999« = 165

Which, if you check
5. S0, by dividing both sides by 999 we get: X = 165/999 on a calculator is

correct!

Challenge: When you convert some fractions into decimals, such as % %] %6 e

vou get a ferminating decimal, but with others such as % %1 %2 %D %l
You get arecurring decimall What is the rule?
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6. Fractions

Things you might need to be able to do with fractions...

This will vary with your age and what maths set yvou are in, but here is alist of some of
the things yvou might need to be able to dowith fractions:

1. Know the all important fraction’s lingo
2. Know how to find the fraction of a quantity
3. Know all about equivalent fractions so you can simplify

4. Understand proper and improper fractions
5. Know how to add, subtract, multiply and divide using decimals
6. Understand the relationship between fractions, decimals and percentages

And so, without further ado, let's get onwithit..

1. Fraction’s Lingo

Right, let’s try and stop talking about the top and the bottom of a fraction, and instead
go for something a bit fancier, like this:

33—
— Warning: every now and again, Mp
4 o Barton forgets to call them this, so
enominatar > 4

watch out for "top" and "bottom”
creeping into these notes

humerator
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2. Fraction of a Quantity
There is a simple method which always works with these types of questions:

1. Divide by the bottom (finds you the value of one fraction)
2. Wultiply by the top (gives you the value of the number of fractions you need)

Example 1 Example 2
5
Whatis = of 247 Find = of 2,436 Kg

(give your answer in grams)

1. If you di%.ride the quantity ,(24) b"', Mow, if before we start, let's change 2436
the denominator of the fraction (4), it

+oll the value of 1 Kq into grams so we get nicer numbers and
so we are ready for our answer:
ells you the value o dv £

1 = =
e d =6 o, Z= ‘ 2.436x1000= 2436 so, 2.436kq = 2436q
: MNow we just do the same as before:
2. But we don't want l4 . we want A 1. Divide by the bottom (2436 + 7)
so, we must multiply our answer (6) by 2. Multiply our answer by the top (x b))
the numerator (3)
3 5
6x3=18 s = =(@9 T_a4g o 2 =1740
i 7 7
Remember: give units in your answer:
1740q
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3. Equivalent Fractions

Equivalent fractions are just fractions which have exactly the same value,

You need good knowledge of equivalent fractions when simplifying vour answers, and
also when adding and subtracting fractions.

Here is the rule:

Whatever you multiply or divide the top by, do the exact same to the bottom!

Example 1

2 7
7 21

Ask yourself: "what has
been done to the 7 to make
it 212"

And then do the same to
the top!

Example 2
a4 _ 7
70 7

Ask yourself: "what has been
done to the 49 to make it 72"

And then do the same to the
bottom!

Example 3 *%
43

Simplify: —

54 s M5

We are looking to make the fraction as
simple a= possible (i.e. contain the
smallest possible whole numbers)

We need a number to divide both the top
and the bottom by (a factor of both)

We stop dividing when the top and the
bottom do not share any more factors

It doesn't matter how long it takes!
=7 =3
SN
48 24

- = =
54 79
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4. Proper and Improper Fractions

3

In a proper fraction, the bottom is bigger than the top, like: 4 9
Inanimproper fraction (top heavy), the topis bigger than the bottom, like: 7
Sometimes, improper fractions are written as mixed number fractions, like: 3=
You need to be able to switch between improper and mixed number fractions!

Example 1

Write: 225 as a mixed number fraction

Okay, so here we have 22 lots of %
1

How many /5 do we need to make one whole?
Well, if you think about a cake =sliced into fifths,
then we would need b slices to make a whole

So, how many wholes can we make out of our 222

Well, 5 goes into 22.. erm.. 4 times, with a
remainder of .. erm.. erm.. 2l

So, our 22 mokes 5 wholes with 2 parts left over

22 2

So.. = 4=

5 S

g
Example 2 ﬁ

Write: 3— as on improper fraction

; 1
Right, now we have 3 whole ones, and 6 lots of é
How many lots of /8 are then in cach whole?..,
8
Well, one whole is /8, so there must be 8l
1
So, how many lots of é in our 3 wholes?

3x 8=24

1
But remember, we also have our & lots of é

So, altogether we have (24 + B) lots of %
29

So.. 3 i
S 3
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8. Adding, Subtracting, Multiplying and Dividing Fractions
W arning: this is one of those topics everyone messes up!

Dont mix up your rules for adding and subtracting with those for multiplying and dividing!

(a) Adding and Subtracting
1. Change any mixed number fractions into improper (top heawy) fractions
2. Choose a number that both denominators go into (are factors of)

3. Use your skills of equivalent fractions to make both fractions have that chosen
humber as their denominator

4. Add/subtract the numerators together, keep the denominator the same, and simplify!

_ Example 1 1 _ 4
Why can't I just add the tops and the ' 3 5 3 _1_ _ }_(_)_
bottom Together, cos that'd be dead easy?... 1. Change the mixed number fraction: 3 3
. . . . 1 2. Choose a number both denominators are factors of
Imagine doing this question — —
2 5 3 and D are both factors of 15
50, youwant to add the l + l _ % 3. Change both fractions so they have 15 on the bottom:
tops and the bottoms.. 3 5 8 % B X 3
o 2 1 7T 7T
Simplify it: -8-=Z 10 50 4 12
| / 3 15 5 15
But look! We started off with / ~ ~
we added something to it, we got
for our answer, which is smaller than / X9 X 3
4, Subtract tops, leave bottoms, simplify:
THISTIS ABSOLUTE RUBBT SHII 50 12 38 5 8
(but people still do it 15 15 15 15
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(a) Multiplying and Dividing

Good News: Thisis alot easier than adding and subtracting!

How to Multiply fractions:

(1) Change any mixed number into
improper (top heavy) fractions

(£) Multiply tops together and multiply
bottoms together

How to Divide fractions:
(1) Change mixed number fractions

(1) Flip the second fraction upside
down

(£) Change the division sign to a

(3) Simplify your answer mul tiply
(3) Multiply and simplifyl
2 3
Example 1 2 w12 5 5
5 4 Example 2 32 . 2
1. Change the mixed number 1.3: — 1 ! 6 ) 93
fraction: 4 3 1. Change the mixed number 32 - 22
fraction: 7 7
Lulti 5 6
- NbL;LT;Op::STTOOpZe'I;ohgee;her and 2. Flip the second fraction: g — '5_
2 7 2 x7 14 23 &
—_ M - = — = — 3. Change =sign to multiply: — x —
5 4 5 x 4 20 7 5
o 4, Finish it off by multiplying and then simplifying!
3. Simplify:
14 7 23 6 23 X 6 138 33
— I >< J— p— p— S p— R
20 10 7 S 7 x5 35 35
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5. Fractions, Decimals and Percentages

Fractions, Decimals and Percentages are all clozely related to each other, and you need to be
comfortable ch anging between each of them,

Hopefully this diagram will help.

Follow the arrows depending on what you need to change, and follow the numbers for examples below

Fractions

Convert the fraction
so it's over 100, or
change to decimal and
then multiply by 100

®

Write it as a fraction
over 10, 100 or 1000
depending on the
number of decimal
places and then
simplity

®

Convert the
fraction so its
over 100 and

divide the top by Write the
100, or just divide percentage
top by bottom over 100 and

@ then simplify
Multiply by 100 @

: > |
Decimals | Percentages

Divide by 100 @
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@ What is 0.364 as a percentage?

0.364 x 100
= 360.4%

Just multiply by 100

and be careful with
the decimal point!

®

Just divide by 100 and

again be careful with
the decimal point!

Convert 8.3% into a decimal

8.3 = 100
= 0.083

@ Write 0.16 as a fraction

Write E as a decimal

®

There are 2 decimal 16 x B
laces, so write it _— We need to change the R
: 100 bottom of the fraction 13 65
over 100 sighin bonima 1 12
o 100, remembering to
do the same to the top 20 100
MNow carefully E — E - i Sivide +he top of S~
i ivide the top of your % B
SRR LaG 20 = fraction by 100 and you
have your answer! =0.65
@ Write % as a percentage @ What iz 12.6% as a fraction?
It's not easy to change this fraction 5. g Start by writing the 125
over 100, so we must divide 5 by 8 percentage over 100 100
0.625 We need to simplity, but the 25
Use any method, but I do this: — 855_000 decimal point makes it hard, Sowhy « 2 —
' not multiply top and bottom by 2! 200
0.625 is the answer
—_ d;cimal, - :’;e 1,625 100 MNow we can simplity as normal to get the
must multiply by 100 - 62.5% answer 25 5 1

200 40 8
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7. Percentages

Things you might need to be able to do with percentages...

This will vary with yvour age and what maths set you are in, but here is alist of some of
the things you might need to be able to do with percentages:

. Understand what percentages are
. Find the percentage of an amount in your head and with a calculator
. Calculate percentage change

. Calculate percentage decrease
. Understand compound interest

1

2

3

4. Calculate percentage increase

-

6

7. Be able to calculate reverse percentages

It's abig one this one, so without further ado, let’s get going...

1. What are percentages?
A percentage is just a fraction whose denominator (bottom)is 100,
So, ifwe say "324", what we mean is 32

100
MNow, what is really important before we start is that you understand how to change back
and forward from percentages to fractions and decimals,

@.g. You need to able to say that if someone got 23 out of 45 in a test, thisis the same as
getting 51.1% (1dp)
It's probably best to go back to ©. Fractions, or 5. Decimals, until you are happy with this
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2. Percentage of an Amount

For easy numbers, these sort of questions are fine to do armed merely with a pencil,
some paper, and your brain. However, you also need to be able to them on your calculator,

(a) In ¥our Head

With a bit of knowledge about dividing things by 10 and 100, and some common sense,
its not too bad working out percentage questions in your head.

Example  yqy have £320. What is (a) 19%, (b) 63%, (c) 17.5%

I always start these by writing down the percentages that I know and which might help me:

To find 10% » Divide by 10 » 320+ 10=32 * 10% = £32
To find 1% » Divide by 100 ——— 320+100=32 — 1%=1£3.20
To find 50% » Divide by 2 » 320+2=160 » B0% = £160
To find 20% » Double 10% » 32x 2= 64 > 20% = £64
To find 5% > Half 10% » 32:2=16 » 5% =f16
To find 2.5% > Half 5% > 16+2=8 > 25%=£8
a) 19% (b) 63% (c) 17.5%
And now we can buihld 10% £32 50% £160 10% £32
up our answers with a
bit of simple addition! +_5% &8 10% £32 9% £16
159 v 1% £3.20 4 25% £8
1% £3.20 -
+ 1% £3.20 leaas R
B3% £201 60
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(b)Y On a Calculator

The previous method is fine for easy numbers, and you certainly need to know how to
doit for non-calculator exam papers, but i f you understand the following method, then
life becomes so much easier

It all comes from the fact that percentages are just decimals in disquise.
As we found out in 5. Decimals, to furn a percentage into a decimal we divide by 100,

So, to find a percentage of something: o°°
1. Turn the percentage into a decimal (divide by 100)
2. Multiply your amount by that decimal (use your calculatorl) @
Example 1 Example 2 Example 3
Find 23% of 135q Find 4% of £22.45 Find 31.8% of 1,435,988
1. Turn 23% into a decimal: 1. Turn 4% into a decimal: 1. Turn 31.8% into a decimal:
23 +100=0.23 4 + 100 = 0.04 3.8 = 100=0.318
2. Multiply the amount (136q) by It's not 0.4/ 2. Multiply the amount
the decimal: . (1,435,988) by the decimal:
2. Multiply the amount (£22.45)
136 x 0.23 = 31.064 by the decimal: 1,435,988 x 0,318 = 456,644

(hearest whole number)

Remember your units! 22,45 x 0.04 = £0.90 (2dp)

Here I've chosen to round to the
Motice I have rounded my answer to nearest whole number as the
2dp as we are dealing with money numbers were pretty big
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3. Percentage Change

Thisis a little calculation that everyone forgets. Don't let it happen to youl

You use this when some amount has gone up or down, and you want to know by
what percentage it has gone up or down by,

Formula:
Percentage MNewy value — Old value < 100
Change Old Value

Example 1 Example 2

After using mrbartonmaths.com, your
mark in your maths test went from 34 to
46, What percentage increase is this?

Okay, so we just use the formula:

New Value =46, Old Value = 34

So:
Percentage _ 46 — 34 % 100
Change - 34
12
= x 100

New Value = 3,50,

What a bargain! Scientific calculators have
been reduced in price from £4.99 t0 £3.50,
What percentage decrease is this?

Again, so we just use the formula:

Old Value = 4,99

= - 29.9% (1dp)

So:
Percentage _ 3.50 — 493 w 100
Change - 4.99
-1.49
— x 100
4 99

The minus sign just
means it's a decrease
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4. Percentage Increase
Let me see if I can explain how to do these with a little example..

How would you find 23% of something with a calculator?... multiply by 0.23, right?

50, what would you multiply by to increase something by 23%72...

Well, it must have something to do with 0.23, but you need to add 23% onto the original,
Well, the original iz 100%, and you need to add 23 % onto it, which means you want .. 123%

50, to increase something by 23% you need to.. multiply by 1.23I

Method for Percentage Increase:
Multiply wvour amount by (1 + whatever the percentage is as a decimal)

Example | Example 2

Whilst writing this website, my weight has
Increase £236 by 17% increased by 3.5%. I used to be 87kg. What

ight am I now?
Okay, so what do we multiply 235 by?... welght am L now

Well, 17% as a decimal is 0.17 Okay, so what do we multiply 87 by?...
So, we multiply by (1 + 0.17), which is 1.17! Well, 3.5% as a decimal is..erm.. 0.035
Be careful with that onel
cdn LI So, we multiply by (1 + 0.035), which is 1.036!
=£274.95 of x 1.035

= 90.045kq
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5. Percentage Decrease
Again, let me see if I can explain how to do these with a little example...

How would you find 18% of something with a caleulator?... multiply by 0.18, right?

50, what would you multiply by to decrease something by 18%7...

Well, it must have something to do with 0.18, but you need to subtract 18% from the original.
Well, the original is 100%, and you need to subtract 18% from it, which means you want.. 82%
50, to decrease something by 18% you need to.. multiply by 0.82!

Another way to think about this is once you've token 18% away, there is only 82% left, and we all
know how to find 82%, don't we?..,

Method for Percentage Decrease:
Multiply your amount by (1 - whatever the percentage is as a decimal)

Example 1 Example 2
Since I took a break from teaching, my bank
Decrease 260g by 24 % balance has dropped by 64.5%. It used to be
£10.20. What iz it 7
Okay, so what do we multiply 250 by?... ariE e
Well, 24% as a decimal is 0.24 Okay, so what do we multiply 10.20 by?...
So, we multiply by (1 - 0.24), which is 0.74] Well, 64.5% as a decimal is.. erm.. 0,645
Which kind of makes sense, because if you So, we multiply by (1 = 0.645), which is.. let
lose 24%, you are left with 76%! me get my calculator.. 0,356
¢hl x 0.76
10,20 x 0.355
= 190 = £3.62 (2dp)
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6. Compound Interest

Everyone seems to hate compound interest, but if you understood Sections 4 and 5, then

vou are going to be flying! Try to follow this...

Example

The bank pays me a compound interest rate of 5% on my balance each year. At the start I have
£30 in there. How much do I have after 25 years?

MNow, what we definitely DO NOT do is to work out what 5

% of £30 is, ond the multiply this by 25!

Why?... Well, because you don't just earn 5% on the £30, you earn it on however much is in your

bank at the end of each year, which is always growing!

Right, so each year my balance increases by 6%, Let's see what we've qot..

End of Year 1
End of Year 2

End of Year 3
End of Year 4

=

-

>

>

30 x 1.05
31,50 x 1.05
33.07b x 1.06

34.7287h x 1.05

Ed

-

>

>

£31.50
£33.075
£34.72875
£36.4651976

MNow, if we kept going like this, we would get the right answer, but it's qoing to toke all day, and look
at the size of the numbers! I can't be bothered writing all them down. No way.

But, think about what we are actually doing..

30 x 1.05.. get the answer.. x 1.05.. get the answer.. x 1.05.. get the answer.. x 1.05.. etc..
Which is just: 30 x 1,05 x 1.056 x 1.06 x 1.05 x..

How many times do we need to multiply by 1.062... 26 times!

So, to work it out a quick way we can just do this sum:

30x1.05%

And if you are good on your calculator, you should get: £101.59 (2dp)
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7. Reverse Percentages

Ll get straight to the point: no-one spots these, everyone messes them up, but if you
are careful, and if vou try yvour best to follow this example, you'll be finel

Example

For some strange reason, ever since I decorated it with "I Love Maths" stickers, my car has gone
down in value by 23%. It is now worth £654.50, How much was it worth before?

Mow, the key to spotting questions like this are words such as "uzed to", "old" and "before" - words
that suggest you need to work out something that happened in the past,

Think about this: my car used to be worth a certain amount (call it w), then it went down in value by
23%, and it is now worth £664.50, I think I con write that information like this:

w x 0.77

The old
value of
the car

7

So now all we need to do is work out the value of wl

1

Decrease the old
value by 23%

= 654.50 ,

Gives you the
newy value

Well, if you divide both sides of the equation by 0.77 you get.. W =

And so, using my calculator, w must equal.. 8510

So my car used to be worth £850

<)

654.50

0.77

And the beauty of these questions is that you can check your answer by going back to the question:

The car used be worth £850, it's value fell by 23%.

Well.. 850 x 0.77 = . wait for it.. £654.560, which is exactly what we were hoping for!
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m 8. Negative Numbers

WARNING

Ifwyou are not concentrating, negative numbers can trip up the best of

mathematicians. So... have a glass of water, shake all other thoughts out of

vour head, sit down, take a deep breath, and let’s begin...

The Number Line

The key to negative numbers is the number
line.

MNow, I like to think of the number line going
up and down, so when you add you go up, and
when you subtract, you go down. Kind of like
a thermometer.

Ifvou ever find yourself stuck or unsure

about a negative number question, just draw
vourself a very quick number line, count the
spaces with your finger, and you will be fine.

QN'—hQ-ﬁMQ}h

I still do this, and I'm... well, quite a bit
older then you.

L L
G E O N a0 o N W& U o ~
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Adding and Subtracting when the Signs are NOT Touching

Where people seem to go wrong with negative numbers is that they learn the rule that
two minuses make a plus.

MNow, this rule is a good one, but must only be used when two signs (+ or =) are fouching.
If no signs are touching, I would just use this rule

Rule: If no signs are touching, use a number line (on paper or inyour head), or
think about money!
y — \ Example 1 Example 2 Example 3
6 — 2-7 -4+ 6 -1-4
> — MNumber Line: put MNumber Line: put MNumber Line: put
4 — your finger at & and your finger at -4 and your finger at -1 and
. move down 7 places move up 6 places move down 4 places
2 = -+ Money: if I have £2 Money: if I have £-4 Money: if I have £-1
1 — in my bank and in my bank (I am in in my bank (I am in
0 — someone takes away debt) and someone debt) and someone
£7. then how much do gives me £6, then takes away £4, then
-1 — I have? how much do I have? how much do I have?
i Jp—
-3 — 2-7==9 -4+6=2 -1-4=-5
Y, —
-5
Y -6 —
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MNow both these methods still work when the numbers become harder and the number
line becomes too big to draw:

56 —

-33 ——

Example 4

D6 - 89

Mumber Line: imagine your
finger is as 66,

How far must you go down

to get to zero?... B0 spaces,

right?

And so, how much further
down do you still have to

qo?.. another 33 spaces!

Money: it I have £66
in my bank and

someohe takes away
£89. then how much

do I have?

56 -89 = =33

115 —

-102 —

+115

+102

Example 5

-102 + 217

Mumber Line: imagine your
finger is as -102.

How far must you go up to
get to zero?... 102 spaces,
right?

And so, how much further
up do you still have to go?..
another 115 spaces!

Money: it I have £-102
in my bank and someone
gives me £217, then how
much do I have?

-102 + 217 =11
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Adding and Subtracting when the Signhs ARE Touching

Okay, now it's time for our rule...

Rule: If two signs are fouching (+% or ='s next to each other), then replace the
two signs with one sign using these rules:

+ and - =

- and + = =

+ and + = + - and - = +
Example 1 Example 2 Example 3 Example 4
4+ -8 5. -6 22--9 6 - 10

Have you spotted the
touching signs?...

Using our rule, we can
change + and - to -

SO, our sum bBCOﬂ‘IBS:
4.8

Which is pretty easy
using either number
lines ar money.

4+-8=-1

Have you spotted the
touching signs?..,

Using our rule, we can
change - and - to +

So, our sum becomes:
5+ 6

Which is pretty easy
however you do it

5--6=11

Have you spotted the
touching signs?...

Using our rule, we can
change - and - to +

So, our sum becomes:

22+ 9

Which is pretty easy
using either number
lines or money

-22--9=-13

Have you spotted the
touching signs?..,

I hope not, because
there aren't any!

The two minuses are
NOT touching

So our sum stays the

same and we do it
using either of our

methods

-6-10=-1
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Multiplying and Dividing

As was the case with fractions, multiplying and dividing with negative numbersis alittle
bit easier than adding and subtracting, but you still have to concentratel

Rule: Do the sum as normal, ignoring the plus and minus signs and write down the answer

Then, carefully count the number of minus signs in the question.

If thereis one the whole answer is negative, if there are fwo the answer is
positive, if there are three the answer is negative, four means positive, and so on...

Example 1 Example 2 Example 3 Example 4
20+ 4 6% -9 3x-2%x-5 -88%4
Do the sum as normal, Do the sum as normal, Do the sum as normal, Do the sum as normal,
ignoring the minus signs  ignoring the minus signs  ignoring the minus signs  ignoring the minus signs
88/ _
20+4:=5 6% 9 =54 Ix2x5=30 4= 22
Count the number of Count the number of Count the number of Count the number of
minus signs in the minus sighs in the minus signs in the minus signs in the
question.. 1! question.. 2! question.. 3! question.. 2
One minus maokes the Two minuzes makes Three minuses makes Two minuzes makes
whole answer the whole answer the whole answer the whole answer
heqative positive heqative positive
So: So: So: So:
20+ 4=-5 6% -9 =54 Ix2x5=-30 —8%=22
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Tricky Questions involving Negative Numbers

The people who write maths exams are nasty. Just when you think you have got a topic
sorted, they chuck in aright stinker,

But do not panic. So long as you remember the rules we have discussed here, and you
don’t forget old EODMAS/BIDMAS, vou will be finel

Example 1 Example 2 Example 3
—4x-3
—2X(—=3+5) -3+-8+4-12 3_ 9
MNow, EIDMAS says we MNow, EIDMAS says we Now remember. even fhough We
must sort out the brackets must sort out the division can't see any brackets, they are
first: first: hidden on the top and bottom of
-3+5=12 -8+4=-2 the fraction:
So now we have: Putting that back in the (4 x-3)
uestion, we have: —-3--9
— 9 ( . )
. o S Y So, the top gives us:
And using our negative Cdv—3o17
number rules, we should get Let's sort those two B
the answer of: touching signs out: And 'Fr'orgn Thegboﬂ'om:
= —3-2-3 —3--
Using nhumber lines, or : _3+9.= 6
money, we should get Leaving us with:
N 7 .
- =L & - =

Return to contents page




9. Sequences

Things you might need to be able to do with sequences...

This will vary with your age and what maths sef you are in, but here is alist of some of
the things you might need to be able to do with sequences:

1. Spot and describe number sequences

2. Work out the nth term of linear sequences

3. Write out terms of sequences given the rule
4. Work out the nth term of quadratic sequences

It's quite anice little topic this one.. well, as far as maths topics go, anywayl

What is a sequence?
A sequences is just a set of numbers which follows a rule.

The rule may be very simple, or very complicated, but the important thing is that every
single number in that sequence follows the same rule,

The reason thisisimportant is that allows you to predict what number will come next, and
even what number will come in 1,000,000 numbers timel
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1. Spotting and Describing Number Sequences

In these types of questions you will usually be given a set of numbers, and be asked to
describe the rule (how to you get from one number to the next), and predict what the
hext couple of numbers will be.

Let’s have alook at some sequences together:

1. I 10 13 16 19

2. 3 6 12 24 48

3. 200 190 1381 173 166

4. 1 1 2 3 o 3 13

1. Here the numbers are qoing up by 3 every time, so the rule is something like: "add 3 to the
previous number to get the next number”, and so the next two numbers are 22 and 25

2. Here the numbers are doubling (or multiplying by 2), so the rule is something like: "double the
previous number to get the next number”, and so the next two numbers are 96 and 192

3. This one is a little tricky to spot, and even trickier to describe. I would go for something like:
"subtract 10 from the 1** number, 9 from the 2™, 8 from the 3", and =0 on". So long as you are
clear, you will get the marks. So, the next two numbers must be: 160 and 155

4. This is a sneaky one. It's a very famous sequence called "The Fibonacci Sequence”. Here is
the rule: "add the previous two numbers together to get the next number”. That means what
must come next are: 21 and 34
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2. Finding the nth term of Linear Sequences
Mot the greatest sounding title in the world, hey?
Let’s have alook at what each bit means, and you'll see it's not so bad:

nth term - well, termis just a posh word for the numbersin asequence, andnis just
the letter we use to describe the position of each term. So, n = 1l is the 5t term, and
n=5is the 5th term. All *find the nth term” means is just to find a rule which allows
us to work out what number lies at a ny position in our sequence,

linear sequences - these are just sequences where you either add or subfract the
same number to get from term fo ferm, For example, sequence 1. up above was a
linear sequence because you added 3 each time, but number none of the other were
(in £.we multiplied, andin 3. and 4. we added or subtracted a different amount).

Now I have amethod for finding the nth term of linear sequences:

1. Decide what you have to add or subtract to get from ferm to ferm {and make
sure it is the same for each terml)

2. Write the times table of this number underneath the sequence (this gives you
the number that goesin front of n)

3. Figure out what you have to do fo yvour times table fo get back to your sequence
(this gives you the number at the end)
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Example 1
Find the nth term of the following sequence:

13 19 25 31 37

1. Okay, now looking at the numbers I reckon you have to add 6 each time, but before I
continue, I am just going to check each term to make sure.. erm.. yep, add 6 each timel

2. Adding 6 each time means two things: (1) 6 is the number in front of nin my rule, so I know there

will be a 6n involved (2) I need to write the 6 times table carefully under my sequence:
n 1 , 3 4 5

Sequernce: 13 19 pis 31 37
bn g 12 18 24 30

MNotice: I have also written n above the sequence, just to remind you that all n means is the
pozition of the numbers in the sequence (n =4 is the 4™ number in the sequence, which is 31).
Also, notice how the 6 fimes table is just 6 times as big as nl

3. Now you ask yourself: "what do I have to do to get from my 6 times table, back to my
sequence?".. well, if you look carefully at the numbers, you will see you must.. add 7 each time!

So, our rule for the nth term is.. 6}'2 —|— 7

Which basically says that our sequence is just the 6 times table, with 7 added each time,

Motice: you can check you are correct by testing out your rule. We know the 5™ term of the
sequence iz 37, but does are rule give us that?...

Whenn=5 bn+/ — 6HGx5H+7 = .3/ we are correct!
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Example 2
Find the nth term of the following sequence:

-20 -16 -12 -3 = . : O |

1. Okay, I know there are nasty neqatives, but if you look carefully you should be able to see
that you have to add 4 each time,

2. Again, adding 4 means two things: (1) 4 i= the number in front of nin my rule, so I know there will

be a 4n involved (2) I need to write the 4 times table carefully under my sequence:
h 1 2 3 4 3

Sequerce:  -20) 16 12 -8 4
h 4 8 12 16 20

Motice: Again, I have put non the top just to show you that that 4 times table is just 4 times as
big as nl... that's all 4n means, just get n and multiply it by 4!

3. Now you ask }’OUPSQH: "what do I have to do to qet from my 4 times table, back to my
sequence?".. well, again you have to be car'eful but I reckon you must.. erm.. subtract 24 each time!

So, our rule for the nth term is.. 4}’1 - 24

Important: as well as checking, we can also use this rule to predict. For example, we can very quickly
work out what the 100" term would be without writing out the whole sequence:

When n =100 n-24 — 4x100-24 = . 376
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Example 3
Find the nth term of the following sequence:

21 16 11 6 1

1. Okay. this time looking at the numbers I reckon you have to subtract 5 each time,

2. Now, just because we are subtracting, our method still works! Subtracting 5 still means two
things: (1) -5 is the number going in front of then (2) we need a times table.. the -5 times tablel

n 1 pi 3 4 3,
Sequence: 21 16 11 6 1
-5n 5 10 15 -20 25

Motice: the -6 times table is just the 5 times table but with each term neqative

3. Now you ask yourself: "what do I have to do to get from my -5 times table, back to my
sequence?".. well, be very careful because of the negatives, but you must.. add 26 each time!

So, our rule for the nth term is.. —Sn e 26

Important: Again, let's use our rule to predict. How about the 6™ term:

Whenn =10 Sn+ 26— Hxo+26 = -4

Well, the 6™ term was the next one in our sequence, and I reckon if we had worked it out in our
head we would have got -4, so I think we are correct!
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3. Writing out the Terms of a Sequence given the Rule

MNow, so long as you understand what n means, yvou will be fine with thisl
Just to re-cap, n is just the position of the fermin the sequence. *%

So.. if youwant the 5% term, then n must be 5l

Example 1 * *

Write out the first 5 terms of the sequence whose nth term rule is: 7n - 3

Okay, to get out 1** term, n must equal 1. So we have:

When n =1 n-3 » Tx1-3 = .4 so, I** term is 4
Mow to get out 2™ term, n must equal 2. So we have:
When n =2 n-3 » Tx2-3 = .1 so, I** term is 11

And if you keep this going, you end up with the first 6 terms: 4 11 18 25 32

MNotice: the gop between each term is +7.. which is what we would have expected from the 7nl

Example 2
Write out the first 5 terms of the sequence whose nth term rule is: ne + 10

Looks hard, but same techniquel To get out 1** term, n must equal 1. So we have:

When n =1 n? + 10 » 1P+ 10 = 11 so, I** term is 11

Mow to get out 2™ term, n must equal 2. So we have:

When n =2 n? + 10 »  2%+10 = 14 so, I** term is 14
And if you keep this going, you end up with the first 5 terms: 1 14 19 26 35
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4. Work out the nth term of Quadratic Sequences
MNow, not all sequences are nice little linear ones.

Ifyou have alook at the last example, you will see that the terms do not go up by the
same amount, and if you look at the nth term rule, you will see why... it's quadraticl

MNow, there is a really complicated method for finding the nth term of quadratics, but 9
times out of 10, a much simpler method works, so long as you know your square numbers!

1. Write out the square numbers (n®) underneath your sequence
2. Work out what you have to do to the square numbers to get back to your sequence

Example
Find the nth term of the following sequence:
-2 1 6 13 2
1. The terms are NOT going up by the same amount each time, so we need the square numbers ..
n 1 2 3 4 o
Sequence: -2 1 6 13 22
e 1 4 9 16 25

2. What do you have to do to get from your square numbers back to your original sequence?..
well, I reckon you need to.. subtract 3l

2
So, our nth term rule is: 1 — 3
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10. Surds
What on earth is a surd and why do we need them?... o

Let’s get it out of the way before we start.. yes, I know, “surd” sounds a little bit like a
rude word, and my pupils never tire of reminding me of that every lesson...

What are they?.. Surds are just numbers left in square-root form, Iike-\/§ oraf 7

But why do we need them?... Because such humbers are irrational, and if we tried to

write them out as decimals, they would go on forever!

The Two Important Rules of Surds GW_L

Everything we are going to look at in this section is based around these two crucial rules:

Rule 1

Vax b =ab

If you have a surd and you multiply it by

Rule 2

Jaxa=a

If you multiply a surd by itself, then the answer

another surd, then the answer is just the same is just the original number before it was
as the surd of the original two numbers (a and square-rooted

b) multiplied together

VT x5 =Tx5 =35

B N o B il
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1. Simplifying Single Surds

Ckay, this is probably the nicest type of surd question you could get asked.
You heed 1o make the number under the square root sign as small as possible

And it's nice and easy so long as you know your square numbersl!

Method

1. Split up the number being square-rooted into a product of af least one square number

2. Use Rule | to simplify your answer

Remember: Square Numbers: 1, 4,9, 16, 25, 36, 49, 64, 81, 100...

Example 1

Simplify: _\/—5_6

Okay, sowe need to split up 50, We ask
ourselves: "which square number is a factor
of BO?"

Well, if you look along the list above, you should
hotice that.. 25 is!

50=25x2 31" N50 = /25 x 2

MNow, because we've chosen a square number,
that's going to simplify nicely..

-\/E:S SD@:SX\/E:SJE

Example 2

Simplify: \/Zg

Okay, so this time we need to split up 45, We
ask ourselves: "which square number is a
factor of 457"

Well, if you look along the list above, you should
notice that.. 2 is!

152955 17 JE = o3

MNow, because we've chosen a square number,
that's going to simplify nicely..

N9 =3 50445 =3x+/5 =35
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2. Simplifying more than one Surd {(Multiplying)
Again this is fairly easy so long as you could understand the previous section

Method

1. Dealwith each surd individually
2. Split up the numbers being square-rooted into a product of at least one square number
3. Use Rule | to simplify your answers

4. When simplifying the whole answer, treat your whole numbers and surds separately
Remember: Square Numbers: 1, 4,9, 16, 25, 36, 49, 64, 81, 100...

Example  Simplify: Jgoxﬁ/zo

Okay, let's dealwith each surd individually and split them up exactly like we did in the previous section:

90 = 9x10 —— 90 =9 x 10 —— 90 =3x+/10 =3+/10
20=4x5 —— 20 =4 x5 —— 20=2x5=25
So... @x@:S\/I_OXZ\/g

To simplify further we multiply our whole number and our surds separately

IX2 =6 and.. \/ﬂ)_x\/g:\/g_d So... 3\/1_0><2.\/§: 6\/‘%

And If youwanted to be really clever, we can simplify even further..

S50 =25 %2 = 52 Se.  6+/50 = 6x542=3042
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3. Simplifying more than one Surd (Dividing)
Good News: Do these in exactly the same way as the Aultiplying onesl!

Example  Simplify: \/—6_6><\/2_0
J12

Okay, let's dealwith each surd individually and split them up because we're good at thatl..,

60=4x15 — Jo0=Jaxfis — J60=2x15=2/15 So..
W=4x5 — NW=Ax5 — J0=2xI5=23 | Jo0x20 2415x245
12=4x3 — JZ=dxsi — JiZ=2x=23 J2o 23

Let's sart out the multiplication on the top line like we did before..

2x2=4  and. J15x45=75 s  215x25 =475

But we can be clever again and go awee bit further..

J75=425x3 =543 so.. 475 =4x5{3 =203

5o (after what seems like ages) we are left with:

ks ><\/2_0 — 20\5 But walt a minute! We can use 50910
\/‘1_2' B 2\5 division to simplify, just - 2= and.. ,B+ Jj —1

like we used multiplication..

So... 23 \{-

=10x1=10
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4. Simplifying more than one Surd {Adding and Subtracting)
Just like when we are adding and subtracting fractions, there is a little twistl..

Twist
We can only add and subtract surds of the same type
So.. we must use our simplifying skills to change them into the same typel

Example 1 Simplify: ,/i 2 4+ (27
MNow, one thing is for certain: the answer is definitely NOT: «.,"39 No way! No such rulel Don't forgetl
We need to simplify the surds to see if that helps

2=4x3 — JiZ=yAx\5 — JlZ-2x\53=243 So..
27=9x3 — ~12_7=J§x\(r3_ — ﬁ=3x\§=3ﬁ \/1_2+\§=2«j§+3\/§

Look, our surds are now of the same typel They are both: ,Ji

S0 we can now just add ourwhole numbers, because 2 lots of something, plus 3 F F
lots of something must equal & lots of something! So we have our answer.. 23 + 3\/§ = I3

Example 2 Simplify: Af63 — 428
MNow, one thing is for certain: the answer is definitely NOT: «,,"35 No way! No such rulel Don't forget!
We need to simplify the surds to see if that helps

63=9x7 —— Ji3=0x7 —— J63=3x7=307 So...
8=4xT — > JIEoJixdT — JIBo2xTo247 | J63-428=347-247

Look, our surds are now of the same typel They are boTh:,\/;;_'

S0 we can now just subtract our whole numbers, because 3 lots of something, minus . [_ .
2 lots of something must equal 1 lot of something! So we have our answer... 3\[77 2NT = \/F’_’
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5. Rationalising the Denominator!
Warning: This is hard, and should only be attempted by the very brave..

A

What does Rationalising the Denominator mean?... A

Basically, it is considered a bit untidy in the fussy world of mathematics to have a surd on the
bottom of a fraction (the denomlnafor*) So, ifwe can get rid of all the surds off the bottom of

a fraction, we get rid of all the irrational numbers, and so we rationalise the denominator!

Method
Multiply the top and the bottom of the fraction by the same carefully chosen expression!

Example 1 — Single Surd  Rationalise the denominator of: E

Okay, sowe don't like the look of ThaT\E on the bottom
What could we multiply it by to make it disappear?... Well, using Bule 2., how about by itself!

Be careful: Remember, whatever we multiply the bottom of the fraction by, we must also do to the top,
otherwise the value of the fraction changes, so we will have changed the question!

\E Using our Rules of Fractions, we 2 X \[3— = 2\/:’;

just multiply the tops together, —— 4 using Rule 2..

X
\/5 \/5 and then the bottoms together
-\/g X \/g =3

2 2\6 And if you check them on the
—= = calculator, youwill see they give

3 3 the same answer!

So,we are left with our answer!
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5
Example 2 — Surd with Other Numbers  Rationalise the denominator of: m

Trick

For questions like this, the thing you multiply both the top and the bottom of the fraction by
is just the expression on the bottom, but with the sign changed|

Why, I hear you ask?... Well, it's all to do with the difference of two squares...

Okay, so let's multiply the fop and the bottom of the fraction by.. change the sign.. 3+ \[’E

> X 3+ \/}: Again, we multiply tops and bottoms together, but we also use
3 — \[2_ 3+ \/E our methods of expanding brackets (see the Algebra section)

Tops | — 5><(3+\/§) ——  15+5+/2

0+342-3J2-2

Bottorns | Use FOIL— (3— \5) X (3+ “\E)

MNow look what happens when we 0-2="7
collect up our terms and simplify
The middle two terms cancel out, andwe are left with a very nice (and rationalised) denominator!

15+ 5\/5 And if you check them on the

calculator, youwill see they give

5
3 \/E - 7 the same answer!
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11. Standard Form

=

What is Standard Form and why do we need it?..
How heawy do you reckon the sun is?...

T'll tell you, its about: 2 000 OO0 OO0 OO0 OO0 OO0 OO0 VOO 000 000 kg

Now, I don’t know about you, but T can’t be bothered either counting or writing out all
those zeros.. well, fear not, because that is why we have standard form!

Standard form is just a convenient way of writing out really big or really small humbers.

Something really big like 2 000 000 000 OO0 OO0 OO0 OO0 OO0 000 000 kg is written

as:
30
2 x 10 kg @

And something really small like: 0.00000000000000022 seconds is written as

2.2 X 10_1? seconds ‘*%
UGS
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The Big Facts about Standard Form

When a number is written in standard form, it looks like this:

This number must
alvays be between

1l and 10

here, then it is a
hidden plus, the
humber is very big

and we move the
decimal point fo

the right

This number (the
a number |« power) tells you
how many places
a number 10 To move your
4 / \ decimal point
If there is no sign I this sign is

neqative, the
number is small
and you move the
decimal point fo
the left
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1. Writing Numbers in Standard Form

Method ) :ﬁ
1. Place you finger where the decimal point is (it may be hidden!)

2. Count backwards or forwards the number of places you have to move to make
the starting number between 1 and 10
3. Write your answer in standard form

Example 2 0.00004623

Example ] 2300000000 -
Now, with decimals like this we can see

Now, with whole numbers like this, the
decimal point is hidden at the end: the decimal point quite clearly!

23 00000000, U0 O O 0D 4 6 2 3

MNow, allwe need to do is count how many
places we need to move the decimal point
until we create a number between 1 and 10

MNow, all we need to do is count how many

places we need to move the decimal point
until we create a number between 1 and 10

Well, I reckon the number we want is 2.3.. Well, I reckon the number we want is 4.623..

2.300&&0000, 0.000\O/:I/.@.?EI

We have moved the decimal point & places,

We have moved the decimal point & places,
S0 OUr answer is...

S0 OUP answer is..

2.3 x 10° 4.623 x 107
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2. Changing From Standard Form

Method
Same thing as before, but this time you kind of need to work backwards. Czﬁ
Crucial: Tt is so easy to check your answer and so easy to make a mistake, so checkl!

Example ] 1.02 X 1(]6 Example 2 T6 X 10-5

Okay, sowe can see where the decimal Okay, sowe can see where the decimal

point is, and the 6 flying in the air says we point is, and the =5 flying in the air says

must move it & places to the rightl we must move it & places To the leftl
10,2 000 0 Just like with the previous example, fill in

the gaps with zeros..

»
-

Do 0 O 0O 0O 7 g6
So, it looks like our answer is.. QA TA A

-
1828000 5o, it looks like our answer is..

But don't take my word for it. Do what we 0000076
did in the last section, and use yvour finger
to work back from the answer Again, its so easy to check, so do ifl
If you startwith 1 02 0 0 0 0 and move If you start with 0 0 0 0 07 6 and move
vour finger back & places, doyou end up vour finger 5 places, doyou end up with...
with... & -

1.02 x 10 76 % 107
Yes, soyou've definitely got it rightl Yes, so you've definitely got it rightl
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3. Multiplying and Dividing with Standard Form

Method .
This is actually quite nice. Allyou need to do is.. o
Multiply/Divide your big numbers, Add/Subtract your powers
Example 1 7 2 Example 2 3 x 10
(8x10") x (5x107%) 5 % 10

Okay, let's follow our method:
Multiply our Big Numbers:

8§ x5 =40
Add our Powers...

10" x 10° = 10’
So, It looks like our answer Is..

40 % 10°

Problem: This answer is NOT in Standard
Form, because 40 is not between 1 and 10

S0 we must use our brains to change it..

40 x 10° = 4 x 10"

™~

Qur extra zero.. goes herel

Okay, let's follow our method:
Divide our Big Numbers:

3 <=5 =005
Subtract our Powers..

10° + 10° = 10°
So, It looks like our answer Is..

0.6 x 10°

Froblem: This answer is NOT in Standard
Form, because 0.6 i1s not between 1 and 10

S50 we must use our brains to change it..

0.6 x 10° = 6 x 10°

™ N\

We need to borrow a zero.. from herel
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4. Adding and Subtracting with Standard Form

Method

Unfortunately, there is no easier way to do this than... &
Write out the numbers in full and then add or subtract the old fashioned way!

Examplel (23x10%) + (4.31x107)

Okay, so first we must change both numbers
into standard form:

(23x10%") — 23000
(4.31x10°) —— 431000

Now we line our digits up carefully and add..

431000
23000

454000

Usually youwill then be asked to convert
your answer back intfo Standard Form...

454000 = 454 x 10°

Example & (8.32 ><10—3) ) (3.8><10_4)

Okay, so first we must change both numbers
into standard form:

(8.32x107) — 0.00832
(3.8x107") —— 0.00038

Now we line our digits up carefully and subtract..

0.00832
- 0.00038

0.00794

Usually youwill then be asked to convert
your answer back into Standard Form...

0.00794 = 794 x 107°
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12. Ratio

What are Ratios and Why do we need them?...

Ratios are just a nice easy way of showing the relative sizes of something, whether it
be quantities of money, lengths of desks, amount of time, pretty much anything you can
measure can be expressed as a ratio.

Ratios are also very closely linked to Fractions, and they behave in a very similar way,
So.. ifyou can understand fractions, you'll be flying herel

1. Writing Ratios

There is a funny way of ratios that requires the use of a colon @ let me show vou..

The ratio of red squares to green squares is:
8:95

Because for every 8 red squares, there are b green:

The ratio of qreen squares to red squares is:

5 : 8

The ratio of blue squares to red squares is:

2.8
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2. Simplifying Ratios

oy a2 oy
e | W) (B 532 w 0
9: 6 Q @ S{‘iz @

But, can you see that for
every 3 frogs, there are 2
penquinz?... So, it's also:

32

Method for Simplifying Ratios
Just like with fractions, whatever you multiply/divide one side by, make sure you do
the exact same to the other sidel

Keep dividing until each side has no commaon factors

K
i

Example | Simplify 14 : 21 Example &£ Simplify 60 : 45

Okay, we are looking for factors Okay, we are looking for factors

common to both sides.. how about 7! common to both sides.. how about 15!

Divide both sides by 7. Divide both sides by 15..
14 : 21 60 : 45
=7 < > =7 =15 < > =15
23 4 : 3

Check for other common factors to make Check for other common factors to make
it even simpler?... Mo, so we're donel it even simpler?... Mo, =0 we're donel

Return to contents page




3. “1ton” and “nto 1”!

Sometimes the mean examiners aren’t happy with you merely simplifying a ratio, they
want it expressed as either 1 :n or n: L,

Sounds hard, but so long as you can simplify ratios, and you remember that nis just a
number, you'll be finel

Example | Express 8: 14 in the form 1: n Example 1 Express 0.3: 015 in the form n @ 1
Right, what this question is asking you to do Again, we just need to change 0.3 : 0.15 into
is to change 8 : 14 into 1 : n, where n is just n: 1, sticking to our rule.

a number for you to find.
N o T - Problem: what on earth do we divide 0.15 by

9“"'; s lj]mporl'f?nf}-f mg 1 ere 13 LU ol to give us 17... Well, anything divided by
SHACH 36! TR PULES Wi Syar ol itzelf iz 1, so how about by 0.15!

m l_l|1'|[:l|j,f.-" divide one side b}‘, do the exact _
same to the other side, O?) K 5
We need to change the & into 1, so : \ .
we must divide by.. erm.. 8 +0.15 \ ) +0.15
3 - 14 N9/
O \
=8 ( =8
AN 19 / So, to get the other side, we just divide
" 0.3 by 0.15, which gives us our answer..

iniding our other side by 8 gives us our 21 OOO
final answer..

12175 &=
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4. Classic Ratio Questions

The types of questions on ratio that you usually get in the exam sound really nasty, but
all they require is alittle knowledge of what we have done before.

Remember: Whatever you multiply/ divide one side by, do the same to the other!

Evamole Mpr Barton has conned his Mum into making him a coke. It says on the packet that
=X Ample the ingredients must be mixed in the following ratios:
Flour (q) Butter (q) : Eqqs = Sugar (g)
400 : 2zl : 3 : 2h

(a) If my Mum has 1000q of flour, how much butter does she need?

(b) If she has 2 eqgs. how much sugar does she need?

Always set these sort of questions out the same way - write the original ratios on the top, write the

new amount you know on the bottom, and ask yourself: "what do I need to do to get from my original
amount to my new amount?”

(a) This is what we've got: (b This is what we've got:
flour butter eqys sugar
L, 400 @ 220 g = 28
x2.5 x2.5 <2/ <2/
73 3
e 1000 : ? o7 S 29
1000=400=2.5 2+3=2/
. , 2
How do I get from 400 to 10007... I multiply How do I get from 3 to 22... I multiply by /3
by 2.5, =0 let's do the same to the butter! so let's do the same to 5he sugar!
220 % 2.5 = 550q 25><23=16§g
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5. Sharing in a Given Ratio

For baking me the coke, I decide to share
this bar of chocolate with my Mum in the
ratio 5 : 3 (I am the 5, of course). How many
pieces does each of us get?

Method for Sharing Ratios

2. Work out how much one part gets
3. Use this to work out how much everybody getsl

1. Add up the total number of parts you are sharing between

Example 1 Example £

The Chocolate Example! Share £845 in the ratio 8: 3: 2

1. Okay, so I get 5 parts, and my Mum qets
3 parts, so in total there are.. & partsl

2. There are 24 pieces of chocolate all receives..

together, so each part must be worth..

24 = 8 = 3 pieces

1. Okay. so in total there are.. 13 parts!
2. We have £845 to share, so each part
845 = 13 = £65

3. How much does each person get?...

8 parts 65 x 8 = £520
3. I have 5 parts, so I get:
3 x5 = 15 pieces Sperl 1 B9 x 3 = 190
. |
. . - 2 part =
And Mum's 3 parts get hen: | Look: 15+9 = 241 parts | £5 x 2 130
"

3 %X 3 = Ypieces Look: 520 + 195 + 130 = £845!
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@ 13. Proportion

oL

What does proportion mean, and what'’s that funny fish symbol?

If two variables are proportional to each other, it just means that they are related to

each other in a specific way.

The funny fish symbol ©C  just means “is proportional to”

1. Two types of Proportion

Again, how many of these yvou need to worry about depends on your maths set, and your
exam board, and stuff like that, but here are the two main types of proportion:

(a) Direct Proportion

Both variables increase or decrease together

(1) Linear

Graph Fancy Linqo

Yo X

v i proportional to x

v is directly proportional to x

= ¥ varies directly as x varies

Example

x could be the number of
KitKat Chunkys that you buy

y could be the total cost of
those KitKat Chunkys

Az the number you buy
increases, so too does the
total cost
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(1i) Cduadratic

Graph

v 1

(iii) Cubic

Graph

Fancy Linqo

g,

y o

v is proportional to x?
v is directly proportional to x?

¢ varies directly as x? varies

f

Fancy Lingo

(L

y &

v is proportional to %3
v is directly proportional to x?

vy varies directly as %7 varies

Example

x could be the amount of money you
spend advertising a gig

y could be the number of people who
turn up to the qig

Az the amount of advertising
increases, word of mouth quickly
spreads, and the number of people
who go to the gig qoes up by a lot.

Example

x could be the amount of time you
spend on mrbartonmaths.com

y could be your maths exam mark

As the amount of time you spend
revising on the site increases,
everything begins to fall into place,
and your marks just get higher and
higher with each extra minutel
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(b) Inverse Proportion

As one variable goes up, the other goes down

(1) Lnverse

Graph Fancy Lingo Example

4 Mote: Not a | x could be the number of people
straight line!

you convince to join you on a road

} oC 1 trip

y could be the amount each person
must pay for petral

As the number of people in the car
increases, the amount everyone has

X to pay falls

(11) (Quadratic Inverse

Graph Fancy Lingo Example

" x could be the number of hours you
spend watching Big Brother

v p. y could be your number of brain cells

As the hours increase, your brain cells
disappear and an increasing ratel

v is inversely proportional to x?
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2. How to tackle proportion questions

Whatever the question, whatever the type of proportion, this method will never let you
down... hopefully!

Method

1. Decide on the type of Proportion
- Direct or Indirect?
- Linear, QQuadratic or Cubic?

2. Write the expression with the funny fish sign
3. Make the expressioninto an equation by using = and k

4. Use the numbers they give you to find out the value of k

5. Write down the formula

6. Answer the questions!

And now L'l take you through some prefty nasty examples, but each time we will use
the same method, and everything will be fine.. I promisel
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Example |

v is directly proportional fo x, Given that v = 12 when x = 4, calculate the value of:
(o) v when x =6 (b) x when y = 66

1. Okay, we're in luck! The question has told us that we are dealing with direct proportion, and unless
it says otherwise, we can also assume that it is linear,

2. The expression to say that y is directly proportional to x is: Yy oL X

3. Okay, this is the key bit. As I said at the start, proportional means related to in a specific way.
Indeed, once you decide what kind of proportion you are dealing with, all you need to do to get from
% to v is to multiply by a number, which we call k.

Rule: Replace the O sign with = and multiply the right hand side by k

Yo X > Y= Iy
4. Now we use the numbers in the question and put them in our formula.. when y =12, x = 4

And a little bit of rearranging gives us the value of k& = 12/ — 3

4

-
5. So now we have our formula: y = 3X

6. And now life is easy becouse we just need to substitute in numbers and maybe (for b) rearrange!!
(a) Find y whenx =6 (b) Find x when y= 66

y=3x — y=3x6 y=3x — =/3—' x=66/3

So... V= 18 So... xy=22
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Example £

The variables p and q are related so that p n|os| 2
is directly proportional to the square of q.
Complete the table of values 4 12| 27

1. Again, we're in luck! The question has told us that we are dealing with direct proportion, and it
also mentions the word "square" which means we are dealing with quadratic,

2. The expression to say that p is directly proportional to the square of q is: Py .

3. Rule: Replace the U sign with = and multiply the right hand side by k

. - 2
pecqg > p=kq
4. Now we look at the table and see what it tells us... Well, it looks like whenp =2, q=12, so let's
put that information into our formulal
2=12%F — 2=144%

Mote: I prefer a
And a little bit of rearranging gives us the value of k k= 2 144 = %2 fpacfionpfo the
1 7 harrible decimal

5. So now we have our formula: p = — q

72

6. And now life is easy becouse we just need to substitute in numbers and maybe (for b) rearrange!l

InJI Find pw hen q= ey Ibl Find qw hen p= 0.5

l 2 1 2 l 2 2 2
P 729’ 1 P = P 729’ 2 g P g
. p=§x729 So.. 2 =10.125 — g" =36 So.. §=06
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Example 3

z is inversely proportional to t. Given that when t = 0.3 the value of z = 16, find the
value of zwhen t = 0.5

1. Hoppy days! The question has told us that we are dealing with inverse proportion, and unless it
says otherwise, we con also assume that there are no nasty squares or cubes around.
1

7 o —
-+~
L

3. Rule: Replace the U sign with = and multiply the right hand side by k, but be careful herel
— 1 N 7 = E Mote: We are multiplying
“ Ty # by k. so it goes on the top!

J
L

2. The expression to say that z is inversely proportional to 1 is:

4. Now we use the numbers in the question and put them in our formula.. when z = 16, + = 0.3

Kk

16 = —
0.3
And a little bit of rearranging gives us the value of k k=03x16=4.8
4.8
5. S0 now we have our formula: = T

6. And now life is easy because we just need to substitute in numbers:

(a) Find z when t = 0.5 4.8 4.8
L= m— — = —
0.5

; ., 5. z—04§
¢
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Example 4 - Nightmarellll

(a) Describe the variation using GC - y g 125 !
(b) Find the equation connecting the two
variables . : 22 l

1. Ckay, we have a problem! The question doesn't tell us what type of proportion we are dealing with..
but wait a minute, as x goes up (from 5 to 25), so does v (from 5 1o 125), so it must be Direct,

MNow, look at this..

x25 OF x5

e ~ But what type of direct proportion?...
Well, to get from the first x value (6) to the second (285),
W 2 125 you must multiply by 5. But for the y values, you must
multiply by 26, Now, 25 is 5% so we must be talking
X 9 29 quadratic proportion
~
X5 7

{(a) The expression to say that v is directly proportional to the square of x is: 1‘ oC X

3. For the equation, we do what we always do.. Rule: Replacg the O sign with = and multiply the
ight hand side by k y, —
r"g and Side Y ‘1? ,:'(: ‘{“ > y I kx

4. Now we have two sets of values to choose from to find k! I am going to choose the second, but it
doesn't matter, the answer will be the same.. when v = 126, x = 25 125

— — k=02
625

0t et y= 0257 W

y=it—— 125=k25% — »125=k625 — Kk =
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Algebra



_%E 1. The Rules of Algebra

Let’s just get one thing clear before we start...
Algebra really isn't anything to be afraid of, I promise
If anything, dealing with letters is a lot easier than just dealing with numbers,

Why?.. because, as you will see, letters are always cancelling each other out, meaning the
questions get easier and easier the more you get into them,

And.. quite often you can know for sure if your answer is correct, or notl

50, take a deep breath, think positive thoughts, and let's give this Algebra thing a go..

What is Algebra and Why do we need it?
*On asimple level, Algebra is just maths with letters.. but it is a lot more than that!

* By bringing in letters as well as numbers we can work out things that numbers alone would not
allow us fo.

* In Algebra, letters are called "Unknowns®, Basically, we stick a letter in to stand for
something when we don't know i1's true value,

* Now, this could be anything from the price of Nintendo Wii, tThe number of hours you spend
watching TV in aweek, or the speed you walk to school in The morning,

* If we don't know what it is, call it a letter - any letter you like - and let's let algebra figure
everything out for us,

And the whole of Algebra - right up to A Level and beyond - is built around 3 rules..
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The Lingo You Need:

Term - this is basically any part of an expression or equation that involves a letter

e.q. 4m -2r and pareall ferms

Expression - this is kind of like a collection of ferms, maybe with a few numbers
chuckedin 2.9 4m+2r and 8z -5p+ 6g°-7 are all expressions

Equation - this is just the same as an expression, but with an equals sign
eqg. 4m+2r=7 and Bz-5p+6g2-7=aqa

Rule 1: ¥ou can add or subtract LTKE TERAM S but you cannot add or subtract
DIFFERENT TERMS,

Okay, so by a LIKE TERM I mean aterm that contains the exact same letter (or letters) as
another term

co. m+m=2m 3p+2p=5p 16t -4*=12t" 10pq - Tpg =3pg

f .
3 lots of something, plus £ 16 lots of something, minus
lots of something, gives 4 lots of something, gives
you D lots of something you 12 lots of something
BUT..
m+p DoesNot = mp 37 +2¢ DoesNot = Szy A
Because the terms are different! AN\

Return to contents page




Simplifving Expressions

Now, once you have got to grips with Rule 1, it allows you to simplify nasty looking
expressions into nice simple ones... which is called, believe it or not.. simplifying.

each set of like terms on their own.

To Simplify and Expression: Draw boxes around all the LIKE TERMS and deal with

Example 1

Simplify: 4m + 2p — m + 6p
Okay, let's draw boxes around all the LIKE TERMS

Remember: Draw around the sign in front on the
term as welll

dm ||+ 2p||— m||+ 6p

5o, let's see what we've got:

dm — m = 3m

2pt+op

Sp

Which gives us our answer of: 357 + 8p

Example 2 - Tricky!
Simplify: 4t — 5t — 2t — 3f°
Okay, let's draw boxes around all the LIKE TERMS
Remember: T and 12 are DIFFERENT!

A= 51— 21— 3¢

5o, let's see what we've got: Note: write
y 2 2 | this instead
47 - 32 =1 |or 18
=3 -2t = =Ji

MNote: if you cannot see a sign in front of a term,
then just assume it is a PLUS

MNote: see how important it is you remember how
to work with NEG ATIVE NUMBERS!

Which gives us our answer of: 12 — 7t
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3. Put the letters in alphabetical order

4. Leave out the Multiplication Sign

Rule 2: When Multiplying with Algebra, we need to remember the following things:

1. We CAN multiply different terms and like terms together
2. Always multiply the numbers together first

Example 1
Simplify: — §h x 2¢ x 3a

1. Okay, each of the three terms is different,
but we are multiplying, so it's not a problem!

2. Let's multiply the numbers fogether first:
5x2x3=30

3. Now let's dealwith the letters,
remembering to write them in alphabetical
order and leave out the multiplication sign

bxec xa=bca = abc

4. Putting them together, and again leaving out
the multiplication sign, gives us our answer:

30abc

Example 2

Simplify: 4p x —3p X 3F X q
1. Again, no problem with the different terms

2. Let's multiply the numbers together first,
being very carefulwith our negativesh

4 x -3 x3x1=-36

MNote: there was no number in front of the q, which
means it is just a1l

3. Now let's dealwith the letters:

Pxpxrxq=pqrr=pqr2

Remember: if you multiply something by itself, it
just means you are squaring ifl

4. Which together gives us: —3 6pq72
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Rule 3: When Dividing with Algebra, the rules are just the same as when multiplying,
but instead of a division sign like this + we tend to write divisions as fractions!

Crucial: When dividing, watch for things cancelling out and disappearing!

Example | Example 2 - Nightmare!
o 20xyz ‘
Simplify: “Uryz Simplify: Sa’h
4z 35ab’
1. Okay, just like when multiplying, different 1. Different terms, no problem.
I
JEEMS Are o probiem: 2. Dividing the numbers first:
2. Let's divide the numbers first: o 5 o 1
5+35= 2 = _
20+ 4 =5 35 7
3. Now let's deal with the letters: MNote: when you don't get a nice answer like In

cxample 1, you need to use Fractions!

XVZ +~ 2 — XY
3. Now let's dealwith the letters (this requires a

What happened there? well, when you divide the bit of knowledge about INDICES):

z on the top by the z on the bottom you are left .

with 1 (just like if you divide arything by itself the a on the bottom wipes out one a on top, but
vou get 1), But multiplying or dividing by 1 does still leaves an a behind on the fop

not make a difference to our answer, sowe can the b? on the bottom wipes out the b on the top,
say that the z cancelled out! and still leaves a b? behind on the bottam,

{d
7h*

4. So, our answer is: Sxy 4. So, our answer is:
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Forming your own ExXpressions

Now, once you have got to grips with Rules 1 - 3, vou should be able to have a go at
forming your very own algebraic expressions.

Have a look at the following diagram and see if you can figure out where I have got
the expressions below from. I am sure you could make up some much better ones.

b

Dy h = _11* 2g — b+r= 01’ 3y — 3)/' — &
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Now sometimes you are told a story and asked to form an expression using the
information you are given. No problem, so long as you understood Rules 1 - 3

Once upon a time, in the Land of Algebra

Mr Barton has been sent has been sent on a shopping trip by his girlfriend and he is trying to figure
out how much money he needs to bring.

A glance down the list reveals he needs 5 pears, 2 Tins of beans, and a box of chocolates,

What is the fotal cost of these items?

Well, until I get there I don't know how much each item will cost, so I'll need to make up some
letters.. hmm.. how about p for the price of pears, b for the price of beans, and g for the price of
the box of chocolates (because I know she likes Galaxyl). It does not matter at all which you choosel

Sowhat's the total cost so far?..

Well, 5 pears and each one costsp ——  5p So, TotalCost = Bp + 2b + g

£ 1015 OF beans eaen costing b — 2b Note: the terms are DIFFERENT so don't try

and abox of chocolates costingg — g and add them together!

Then I get a text sayingwe need two more tins of beans and one less pear. Now how much will it cost?

So, TotalCost = Bp+2b + g+ 2b-p = 4d4p + 4b + g

Then she announces that her parents are coming around, sowe need twice as much of everything! Cost?

So, TotalCost = 2x (4p + 4b + g) = 8p + Bb + 2g
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Substitution

One other thing the Rules of Algebra allow you to do is to substifute numbers info

expressions. For this, you need to remember our friends BODMAS and Negative Numbers!

If: a= 2

Work out the values of the following expressions:

b =5 c = -3 d = -10

3ab
Well this means:

3 xaxb

Using our values:

3x 2x5 =30

o6ch

Well this means:

6 x ¢cxb

Using our values:

6 x -3 x5 = -90

2ac — acd

Okay, sowe have to do our multiplications first

2ac=2 x 2 x =3 = —-12
acd =2 x =3 x =10 = 60
50 together we have: —-12 — 60 = —-72

Sad”
Okay, we must sort out our power first:

d* = —10 x —10 = 100

MNow we can multiply together

3 x 2 x 100 = 1000
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2. Single Brackets

Once Upon ATime...

I once heard my very first teaching mentor in Nottingham explaining a very nice way of
thinking about brackets.

He said to think of the brackets as a canoe, and to think of the term outside them as a wave.

MNow, as you know, when you are in a canoe, there is no place to hide from the wave, and the
person at the back gets just as wet as the person at the front and those in the middle.

Which brings us nicely onto the single most important rule of brackets... @

Key Rule: you must multiply EVERYTHING inside the bracket by the term on the
outside

And so long as you remember this, as well as your Rules of Algebra and how to deal with
MNegative Numbers, then this topic should hold no fear for youl

I am going to take you through 4 pretty easy examples to make sure your knowledge of negative
humbers and the rules of algebrais up to scratch, and then it's time for a few stinkers
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Example 1

3(2a+ 6)

Okay, so remember, the 3 is multiplying the
2a AND the +6,

Sometimes drawing on arrows helps you
remember this, and a box is useful too..

3(2a |+ 6)

And so we get.
3 x 2a = 6a
3x 6 =12

Now, we are close to our answer, but we
are missing.. a SIGN

You must remember your rules for
multiplying with negative numbers

The 3 and the front is really +3, and the
second term in the bracket i1s +6, and two
positives multiplied together give a
POSITIVE so..

32a+6) = 6a+12

Example 2

S(7d —4)

Okay, so remember, the 5 is multiplying the
fa AND the -4,

Let's get those arrows going again, and a box

too to remind us that the 2™ term in the
bracket i1s a -4

o
S (7d [= 4)
And so we get.. a positive x
a neqative
5x7d = 35a :

Sx —4 = -20

And nowwe have our answer, but notice again
how important it was to get the sign correct,

If I had £1 for each time I have seen

3Da+ 20, or just 35a 20 for questions like
this, Mr Barton would be lnaded!

Anyway, the correct answer..

5(7d—4) = 35d —20
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Example 3 Example 4

—4(t+2) ~10(2¢ —4)
Okay, so remember, the -4 is multiplying Okay, so remember, the -10 is multiplying
the + AND the +2, the Zc AND the -4,
Arrows and boxes.. Arrows and boxes..
T o
—4 (¢ |+ 2] —~10 2¢c - 4)
And so we get.. a negative Be careful with your signs...
x a positive
4 xt = -4 AXTP -10 x 2¢ = —20c ,
"4 a negative x
4 x2= -8 ~10 x —4 = 40«1 anegative
So long as you are good with negative The 2" multiplication always catches people
humbers, you should have been able to get out. Remember, two negatives multiplied
those signs correct! together give a POSITIVE!
W
_4(1_'_2) _ —4f—8 —10(20—4) = —2OC+40

Time for the stinkers..
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Example 5

Sa(2b—c)

Okay, so remember, the 5a is multiplying
the Zb AND the -c.

Arrows and boxes..
>

Sa (2b |- ¢)

You need Rules of Algebra and Negative
Numbers for this..

S5a < 2b = 10ab
S5 x —¢ = —5ac

If you didn't follow any of that, make sure
vou go back and read over the 1. Rules of

Algebra notes again!

Sa(2b—c) = 10ab—-5Sac

Example 6

Tar(10st+ 26— 15)

Okay, so remember, the 7ar is multiplying the
[0st AND the +2b AND the -5,

Arrows and boxes..

ar (10st[+ 285 3)

Be carefulwith your signs and letters...

Tar x 10st = T0arst
Tar x 2b = 14abr
Tar x =5 = =35

Again, If you missed any of that, you know
what to do...

Tar(10st+ 2b—5) = T0arst +14abr —35ar

Too easy for you?..
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Example 7

4r(2r—9t)

Okay, so remember, the 4r is multiplying
the Zr AND the - 91,

Arrows and boxes..
T

4r (2r |— 9

You definitely need your Rules of Algebra for
this...

dr X 2r = Srr = 8r°

dr X =9 = —361

The first one was the tricky bit there!
Something, multiplied by itself, becomes
squared!

4r(2r-9t) = 87° - 36t

Example B

2ab{da - 3ab*)

Okay, so remember, the 2ab is multiplying the
4a AND the - 3ab?

Arrows and boxes..

T

2ab (4a & 3ah?))

How well do you know your algebra?..

2ab X da = Saab = Sa’b

Yab X —3ab® = —6aabbb = —6a’h’

That's about as difficult as they get!

2ab(da -3ab®) = 8a’h—6a°h’

And I think that’ll dal
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23 3. Factorising

What on earth does Factorising mean?...

Very simply, factorising is the opposite of what we did in the previous section - 2. Brackets
Factorising just means: putting back info brackets

How to Factorise

I
.

3.

4.
9.

Look for the highest common factors in each term (they could be letters ar numbers)
Place these common factors outside the bracket

Write down what is now left inside the bracket - ask yourself: what do I need to multiply
the term outside the bracket by to get my original term?

Check carefully that there are no more common factors in your bracket

Check your answer by expanding your brackets - it takes 2 seconds and it means you have
definitely got the question correct!

Let's make sure we understand about Factors...

The key to successful factorising is understanding factors, and if it helps, why not just write
down what each term means in full and then it's dead easy to spot the factors..

12 > 12 X a

6y2 » 6 Xy Xy ’#‘

Tpg » T XpXgxg PPN
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Example |

Ta+21

Factorise:

1. Okay. o we're on the hunt for common
tactors in both numbers and letters:

Mumbers: 7 and 21 — Highest Factor=7

Letters: there are no letters in the 2™ term, so
we can't take any letters outside the bracket!

2. 50 we have..

T(? + ?2)
3. Now we have to figure out..
T x ? ="7a @

7T x 7?7 =121 3

Which gives us.. T(Q + 3)

4. Check there are no more common factors left
inside the bracket..erm.. nothing is common to
both a and 3, so we're finel

5. Expand the answer (on paper or in your head)
to make sure you get the original question!

Example &

Factorise:

10p+135 pg

1. Okay. so we're on the hunt for common
tactors in both numbers and letters:

Mumbers: 10 and 15 ——» Highest Factor =5

Letters: p and pg —— Highest Factor=p

2. 50 we have..
Sp(?2 + ?2)

3. Now we have to figure out..

Sp x ? = 10p

Sp x ? = 15pg

2

D
™

Which gives us.. Sp (2 + 3@')

4. Check there are no more common factors left
inside the bracket..erm.. nothing is common to
both 2 and 3q, so we're finel

5. Expand the answer (on paper or in your head)
to make sure you get the original question!
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Example 3 , NOTE:

Factorise: 24@2 + 160 A very common mistake is not to take out the
highest common factor.
1. Okay, so we're on the hunt for common For example, imagine we were doing Example 2,
factors in both numbers and letters: but for the numbers we thought the highest

common factor was 2.
Mumbers: 24 and 16 — Highest Factor =8

lettenst ¢ and o » Highest Factor = ¢ Mumbers: 24 and 16 — Highest Factor=2

Letters: ¢ and ¢ —» Highest Factor=¢

Remembenr: ¢? is justcxc

We would get..
2. 50 we have..
8c( 2 + ? ) 20( 2 + 2 )
3. Now we have to fiqure out.. And then..
8c x ? = 24c° — 3¢ 2c x ? = 240 — 12

8

8 x ? = 16¢ 7 2 x 7 =16

Which gives us.. 8(‘,‘(3(‘,‘ + 2) Which gives us.. ZC(IZC + 8)

But, so long as we remember to always check
there are no more common factors, we'll be 'Fine,
because a quick glance at this answers shows us
that 12 and 8 have a common factor of 4

4. Check there are no more common factors

5. Expand the answer (on paper or in your head)
to make sure you get the original question!
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Example 4

Factorise: ISbC — 45b2

1. Ckay, so we're on the hunt for common
factors in both numbers and letters:

Mumbers: 18 and 45 — Highest Factor=19
Letters: be and b? —— Highest Factor=b

Remember: b?is justbx b ondbcis justbxe

2. 50 we have..
9h (2 — ?)
3. Now we have to figure out..

ob x ? = 18 —— 2¢
9h x ? = 45h° —— 5b

Which gives us.. 9b(2.§‘ — Sb)

4. Check there are no more common factors

5. Expand the answer (on paper or in your head)
to make sure you get the original question!

Exam p| = f"‘*-Jig htmarel

Factorise: 18a°h— 6ab+ 30ab?

1. Ckay, so we're on the hunt for common
factors in both numbers and letters:

Mumbers: 18 6 and 30 — Highest Factor =6

Letters: a® b a b and a b? —>Highest Factor=ab

Remember: a?bis justaxaxb and
ab?is justaxbxb

2. S0 we have..

6ab ( 2 — 2 — ?)
3. Now we have to figure out..
6ab x ? = 18¢°h —— 3a
6ab x ? = 6ab —— 1
6ab x ? = 30agh° ——  5h

Which qives us..
! 6ab(3ac — 1 + 5b)

4/5 . Check for common factors and Expand the
anzwer to make sure you are correct!
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@ 4. Solving Linear Equations #
¢ ¢

What on earth does Solving Equations mean? H
Let's look at each of these three words in turn..

Equations - these are just the same as expressions (what we have looked at in the last 3
sections, butwith an equals sign (=) thrown in for good measure

Linear - this just means we don't have to worry about annoying powers.. just yetl
Solving - this means we must find the value of the unknown which makes the equation balance

MNow, there are a lot of different ways to solve equations, and if you are happy with the way
that you have been taught, then stick to it, but this is the way I do them..

How Mr Barton Solves Equations
Golden RBule: Whatever you do to one side of the equation, you must do exactly the same fo
the other side to keep the equation in balance

Aim: To be left with your unknown letter on one side of the equals sign, and a number on the
other side

Method:
By doing the same to both sides of the equation..

1. If they are not already, get all your unknown letters on one side of the equation (NOT on
the bottom of fractions and avoiding negatives),

2. Begin unwrapping your unknown letter, by thinking about the order that things were done
to the letter

3. Use inverse operations to do this until you are leftwith just your unknown letter on one
side, and the answer on the other
4. Check your answer using substitution and you should never ever get one of these wrong!
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What are Inverse Operations?...
Inverse operations are the key to solving equations as they allow you to unwrap all the things
surrounding your unknown letter and leave you with a simple answer,

Inverse operations are just operations which are the opposite of each other, and as such they
cancel each other out,

Here are the main ones you need to know....

: &

("
= o n
X . :
| power of 2

MNow, the way I am going to set out these first few examples may seem very long and painful,

but if you can do it this way for the simple ones, there is no reason why you can do the same
for the nightmare stinker ones at the end...
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Example | Tp — 3 =

32

1. Right, here we go.. now our unknown letter (p) only

appears on the left hand side of the equation, there is no
negative sign in front of it, and it is not on the bottom of

a fraction, so that's a good start!
2. Okay, what order were things done to p..

p— 5Tp—= 5Tp-3

3. And so now we can unwrap, starting with the last
operation, and doing the inverse (opposite) to both sides:

Add three to both sides

MNotice how the +3 cancels out the -3l

Divide both sides by 7

Motice how dividing by 7 cancels out the 7 multiplying the p

-]
in
|
W
|l
W
2

— Jp = 35
7
P35, 7
-
o p:5

4. We have our answer, but it's so cosy to check if we are right, that we might as well do it.

Just substitute p = 6 into the questions, and hope the equation balances..

When p = 6..
7p —3=7x5-3=35-3=

3

J

2!
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E;;x:;.j_mplg-. & 2(3}” + 6) —_ 36

1. Okay, so let's do our checks.. our unknown letter (r)
only appears on the left hand side of the equation, there

is no negative sign in front of it, and it is not on the
bottom of a fraction, so we are good to go.. after we
expand the brackets, of course..

2. Okay, what order were things done to r..

r—=0 Sl —*2 s 6p 412

3. And so now we can unwrap, starting with the lost

operation, and doing the inverse (opposite) to both sides:

Subtract twelve from both sides

MNotice how the -12 cancels out the +12!

Divide both sides by 6

Motice how dividing by 6 cancels out the érl

237+ 6) = 36
— 6r+12 = 36

Mote: if this bit confused

you, have another read of
1. Rules of Alqebra

6r+12 - 12 = 36 - 12
— 6r = 24

=24 + 6

6&r
6
—> r =4

4. We have our answer, but it's =0 eazy to check if we are right, that we might as well do it.

Just substitute r = 4 into the questions, and hope the equation balances..

Whenr=4.

23r + 6) = 23 x 4 + 6) = 2(12 + 6) = 2 x 18 = 36!
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Example 3 6 + ﬁ = -1
5

1. Okay, =o our unknown letter (k) only appears on the left i
hand side of the equation, there is no negative sign in front 6+— = -1
of it, and it is not on the bottom of a fraction. Phew! >

2. Okay, what order were things done to k.. Note: just because k is
3 k 16 k not written first, doesn't
s L >6 + — - change the order in which
5 5 things are done to k!
Think: BODMAS!

3. And =0 now we con unwrap, starting with the last

operation, and doing the inverse (opposite) to both sides: :
Subtract six from both sides —6 6 + 5 6=-1-6
Again, look at the cancelling out! . ﬁ _ _7
Multiply both sides by B %5 I i )
It all cancels out! g X3 = =7Tx3
_s K= =35

We have our answer, but it's =0 casy to check if we are right, that we might as well do it.

Just substitute k = -35 into the questions, and hope the equation balances..

When k = -36.. -
6+ 5 6+ 6t -T=6-7= -1

S5 S
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Example 4 24 — 3m

O

1. Okay, so let's do our checks.. our unknown letter (m)
only appears on the left hand side of the equation, it's

not on the bottom of a fraction, but wait.. it's qot a
neqative sign in front of it

This is going to make life difficult, but we can sort it out
by using inverse operations to cancel out the -3m..

We just need to add 3m o both sides!

And now we have an equation just like all the others!

2. Okay, what order were things done to m..

m—=33m—" s6+3m

3. And =0 now we can unwrap, starting with the last
operation, and doing the inverse (opposite) to both sides:

Subtract six from both sides

The 6= on the right hand side will cancel!

Divide both sides by 3

Substitution to check our answer: When m = 6.

-3

24 —-3m =24 -3 x 6 =24 - 18 = 6!

24 - 3m = 6

24 — Sm 4+ 3m o= 6 + 3m
— 24 = 6 + Zm

24 -6 =6+ 3m - 6

— 18 = 3m

18 +3 = 2%
3
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Example 7_}2 + 3 = lOy—6

1. Okay. we have trouble right away! All of the unknowns
(¥) are NOT on the same side.

No problem, we just need a bit of inverse operations,

Top Tip: Collect your letters on the side which starts off
with the most letters.. so the right hand sidel

S0, we just need to subtract 7y from both sides!

And now we have an equation just like all the others!

2. Okay, what order were things done to v..
X3

¥ >3y —— 5336

3. And so now we can unwrap, starting with the last
operation, and doing the inverse (opposite) to both sides:

Add six to both sides

The 6= on the right hand side will cancel!

Divide both sides by 3

Ty + 3 = 10y—6

—7)’ Ty +3 =Ty =10y — 6 = Ty
— 3 =3y -6

Maote: if this bit confused
you, have another read of
1. Rules of Alqebra

3y
+ 9+3:—
3 3

—» 3=y or y =3

Substitution to check our answer balances!: When y = 3.
Left hand Right hand

sde 7y +3=7x3+3 =24 side

10y —6 =10 x3 - 6 = 24
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Example 6 2 = 5 <D
g-1
1. Problem! Qur unknown letter (q) is on the bottom of o 05 e
fraction! _] = 5
The only way we are qoing to get that g off the bottom 8~
of the fraction is to realise that the 25 iz being divided
b}’ q - 1 and use inverse operations.. 25
S0, we just need to multiply both sides by (g - 1) X(g _1) z—1 x (g-h=3x(g-1)
And expand the brackets on the right hand side — 25 = 5(g-1)
And now we have an equation just like all the others! 55 5 5
— - —
2. Okay, what order were things done to q.. 5
X5 =
g >dg >5g—5
3. And =0 now we can unwrap, starting with the last
operation, and doing the inverse (opposite) to both sides;
Add five to both sides +6 432 = 0 = O %
The 5= on the right hand side will cancel! — 30 = >g
Divide both sides by & =5 30 + 5 = o0&
5

Substitution to check our answer is correct!: When g = 6.,

25
g-1

o5 B
6-1 5

— 6 =g o g =256
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5. Double Brackets

You knew it was coming...

Justwhen you have got your head around how to expand single brackets, your lovely maths
teacher announces it's time to have a go at expanding double brackets,

But the good news is that it's no more difficult than single brackets, vou don't need to learn
any new skills, and you get loads more marks for doing itl

Skills you need for success...

If you know about these things, you will be fine:

* How to expand single brackets (see Algebra 2. Single Brackets)
* Rules of Algebra (see Algebral. Rules of Algebra)

* Rules of Negative Numbers (see Number 8. Negative Numbers)
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It’'s all about FOIL...

MNow, like with most things in maths, there are a lot of different ways of expanding double
brackets, and if you are happy with your way, then just stick to it, but here is how I do it,

FOIL basically tells me the order inwhich I need to multiply terms, because the most
common mistake people make when expanding double brackets is to miss a few terms out!

Some people call
> this the =miley face

(£ ) £ '
O~ 7

H /

1 F irst Multiply together the first terms in each bracket - remembering to
: include the signs in front of them

Multiply together the terms on the outside each bracket - remembering
2' o Uter to include the signs in front of them

Multiply together the terms on the inside each bracket - remembering to
3' | nher include the Signs Ih front of them
4 | ast Multiply together the last terms in each bracket - remembering to

include the signs in front of them
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Example |

(¢ + 6)(a¢ + 4)

Until you get really comfortable, there is
nothing wrong with drawing the smiley face on
to remind you what to multiply!

ST T
(@ + 6) (¢ + _4)

) 2
First @ X @ = &

Outer @ X 4 = 4a
Thner © X @ = 6a
Last © X 4 24

MNow we write down our answers, in order,
remembering if there is no sign in front of our
term it's just a disquised plus!

a + d4a + 6al+ 24

MNotice that the middle terms simplify to give..

a’ + 10a + 24

Example £

(p + 10) (p — 8)

Time for the smiley face..

T T~
(p~+ 19) (p - 8)

Be really careful with the NEGATIVES .

First £ X P =

Outer P X —38 —-8p
Tnner 10 X p = 10p
Llast 10 X —8 = —80

MNow we write down our answers, in order,
making sure we get all the signs correct!

p*[= 8p + 10p]- 80

p2

Motice that the middle terms simplify to give..

P+ 2p — 80
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Example 3

¢ - 9)(t + 2)

Let's draw our smiley face..

KT
(t — 9) (t + 2.)

—

Again, we must watch those NEGATIVES..

First t Xt =t
Outer X 2 = 2¢
Thner —9 X = —9f

Last -9 x 2 = —18

Once again, the signs are the key to success!
t* [+ 2t — 9] 18

Carefully simplify the middle terms..

t2 — 7t — 18

Example 4

(m — 7) (m = 9)

Time for another smiley foce..

iy N
(m — 7)(m - 9)

———

e — ™

Be =0, s0, so careful with the NESATIVES..

First #m X m = m2

Outer w1 X —9 = —Om
Thher —/ X mwm = —7m
Last -7 X -9 = 63

Writing down our answers, we get..

ml— 9m — Tm |+ 63

You have to know your Rules of Negative
Mumbers inside out for this next bit..

m? — 16m + 63
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Let's take a moment to reflect...

Just before we look at a few more difficult ones (which, by the way, follow the exact same
rules as these), I justwant to draw your attention to the answers we got..

-~

(@ + 6){a + 4) > &° + 10a + 24
(p + 10) (p — 8) . p°+2p— 80
t — 9 + 2) >t — Tt - 18
, O
(m — T)y(m —9) > m° — 16m + 63

Now, look at the numbers in the questions and the numbers in the answers,
Can you see a quick way of getting from one to the other?...

Don't worry if you can't, but if you can then you are one step ahead, because that is the key
to success at 6. More Factorising, which is coming up soon...

But for now, how about some tricky expanding double bracket questions?...
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(3g - 9) (g + 3)
Let's draw our smiley face..

TN
(g -9 (g +3)

h— —
— —

Example 5

Aqain, we must watch those NEGATIVES,
and we must know our Rules of Alqebral

First 58 X g = 5g
Outer 5g x 3 =15z AH )

Tnner —9 X g = —=9g
Last -9 x 3 = —-27 NS

Az always, the signs are the key to success!
ng + 153g — 9g| — 27

Carefully simplify the middle terms..

Sg?‘ + 6g — 27

Example 6

(3¢ — 4) (2c — 5)

Are you still feeling happy? ..

T T
(3c — 4) (2c — 5)

———

-_“—. —

MNEGATIVES and Rules of Algebra again..

First 3¢ X 20 = 60°
Outer 3¢ X =5 = —15¢

Thner —4 X 20 = =8¢
Last -4 x -5 = 20

Writing down our answers, we get..

602 — 15c — 8c|+ 20

Carefully simplify the middle terms..

6c° — 23c + 20
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Example 7

(@ +8)(c —d)

Let's draw our smiley face..

KT
(a +b) (c - _?3)

e —
S— —

Again, we must watch those NEGATIVES,
and we must know our Rules of Algebral

First @ XC = dac
Cuter @ X —d = —ad
Tnner 5 X o = ho
Last H X —d = —bd

Az always, the signs are the key to success!
ac — ad + bc — bd

Can we simplify the middle two (or indeed, any) of
the terms?... NO because there are NO LIKE
TERMS!

Example 3 - because I am feeling nasty...

(Tab + 3be) (5a° — 2¢)

Are you still smiling now?..

/Y\
(7Tab + 3b2) (5a° — 2¢)

—— .

Okay, you would be really unlucky to ever get one
as hard as this, but there's no reason we can't do it

First 7ab x 5a° = 35a°b
Outer Tabh X =20 = —=14dabc
Thner 3be X 5a° = 15a°%hc
Last 3hc X —20 = —6ho?

Phew! Writing down our answers, we get ..
354°b — ldabe + 15a°he — 6bc°

Can we simplify the middle two (or indeed, any) of
the terms?... NO because there are NO LIKE
TERMS!
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Last one, | promise...
How would you do this one?...

(@ - 7)

If you said: "well, It's dead easy, isn't it, the answer is just..

a’ —49

Then please never say that again.. because 1t's wrong!

Remember: squaring something means multiplying it by itself,
5o, this question could actually be written as..

(¢ — TY(a — 7)

Which means we can go back to our friend FOIL, and everyone is happy!
Incidentally, if you want to check you can still do these, the final simplified answer is..

a’ —14a +49

Can you see how we could have reached that answer a quicker way?..

TO BE CONTINUED on a maths website near you. ..
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6. More Factorising — Quadratics {—g}
Again, you knew it was coming...

Just like we had to expand double brackets, it should come as no surprise that we have to
factorise expressions back into double brackets as welll

There 1s a bit of a trick to this, and to discover it, let's look back at our answers from
5. Expanding Brackets...

(@ + 6)(a¢ + 4) > a° +10a + 24

5 . 20 Mote: These answers
_ > + - are called Quadratic
(p * 10) (p 8) & # Expressions because

they have a squared
(Z‘ — 9) (I e 2) > 32 — 7t — 18 term in them

(m — 7) (m — 9) > m’ — 16m + 63

Focus your attention on the numbers..
If you can see how to get from the numbers in the questions to the numbers in the answers..
then you should be able to see how to get from the answer back to the question..

and if you can do that, then you can already factorise quadratic expressions!
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How to Factorise Quadratic Expressions
Factorising quadratics means you want to get from:

2 : .-
x“ | e 2?2 o (x 7)) (x| 7))
To be able to do this you need to be able to solve a little puzzle
If you look back at the examples, you will see that ..
In other words, the two numbers in the
( x |+ ") ) ( x |+ ") ) bracket (including their sign) must..
. ADD TOGETHER to give you the
/ number (and sign) in front of the x..
2 E x [ 72
x — s x e o And
/ MULTIPLY TOSETHER to give you the
/’5(\ number (and sign) at theend

(x £ 7)) (x| 7))

So.. if you con discover what two numbers solve that little puzzle, then you can factorise
quadratics.. and practice makes perfect!
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Example 1 Example £

2 2
x* + 11x + 24 po o+ 2p — 15
Okay, here the question we must ask ourselves.. Okay, here the question we must ask ourselves..
2 2
x° |+ 11fx + 24 P+ 2p (= 15

Which two numbers multiply together to give Which two numbers multiply together to give
24 and add together to give 117 -15 and add together to give 27
Mow, if you find it helps, you can write down all Again, nothing wrong with writing down pairs
the pairs of numbers which multiply together to that multiply together to give =15, but be
give 24, and see which one also adds up to 11.. careful of your neqatives!

1 x 24 1 + 24 = 2 X 1 x -1b 1 + -1b = -14 X

Z x 12 2 + 12 = 14 X -1 x 1b -1 + 1B = 14 X

3 x 8 3+ 8 = 11 4 3 x -5 3+ -F = -2 X
Once we have our pair, we just write them in -3 x b -3+ b= ¢ \j
the brackets, remembering that no sign is just
a disquised plus! ; Once we have our pair, we just write the

numbers in the brackets, making sure we qet
(X + 3) (}f + 8) ar (X + 8) (}: + 3) our signs in the correct placel
- -

Why not expand the brackets to make doubly (p ')) (p T 5) or (p T 5) (p '))
sure you are correct! Again, expanding the brackets is a good checkl
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Example 3

- 13k - 14

Okay, here the question we must ask ourselves..

Pol- 13|k |- 14

Which two numbers multiply together to give
-14 and add together to give =137

Unless you can do it in your head, just write
down pairs of numbers that multiply together
to give =14:

-1 x 14 -1 + 14

1 x -4 1 + -14

I
o
x

13 4

Once we have our pair, we just write the
numbers in the brackets, making sure we get
our signs in the correct placel

(£ + 1)t — 14) ;o (c — 1d){(k + 1)

If you expand the brackets you will definitely
know that you are correct!

Example 4

v¢ — 9y + 18

Okay, here the question we must ask ourselves..

vl — 9k |+ 18

Which two numbers multiply together to give
18 and add together to give -97

MNow, switch on your brain here.. we CAN'T be
talking two positive numbers, as how will they
add up to give -92... so we need two neqatives!

-1 x ~-18 -1 + -18 = -19 x
-2 x -9 -2 + -9 = -11 x
3 x -6 3 4 6 = -9
People tend to mess these up, but we won't,

because we know that two neqatives multiplied
together gives a positivel

(v — 3){(v —6) or (v — 6)(v — 3)

Again, expanding the brockets is a good check!
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What abut this funny looking one?...

% - 16

Okay, looks a bit strange, but let's ask ourselves the same question as we always do..

Which two numbers multiply together to give =16 and add together to give..
erm..well.. erm.. 07

Remember, it is the number in front of the x which tells us what the numbers must add
together to make, but we don't have any x's, so the sum of our two numbers must be.. 0!

Think of the expression like this is it helps.. }'.2 + 0x — 16

So, isn't it true that for two numbers to add toqether to qive zero, they must be the same
number, but of opposite sign, so they cancel each other out!

So, which two numbers do we need?... 4 and -4! Expand it to check!
% = 16 > x+4)(x - 4)

Expressions like this are called "the difference of two squares", and are always factorised in a
similar way. Look at these three examples and see if you can see how I qot the answers..

at — 25 » (a + 3)(a — 3)
p* — 100 » (p +10)(p - 10)
4¢* — 49 » (2t + T7) (2t - 7)
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When things get a little tricky...

Okay, whilst it was not so tricky to spot how to factorise those types of quadratics,
what about when there is anumber in front of the squared term?..

Let's look back at two examples we did in 5. Expanding Double Brackets, to see if we
can spotwhere the numbers come from..

(5g — 9) (g + 3) > 5g° 4 6g — 27
Gec — 4) (2c - 5) > 60° — 23c + 20

Any ideas?... It's not easy to spot, is it?

I think the best thing I can do is to try and take you through two examples as
carefully as I can..

Are you ready?....
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Example | 2x2 — x — 3

Okay, let's start by thinking what the first terms in the two brackets must be?...

Do you agree that they would have to be 2x and x, otherwise we would not get out 2x°!

How about the numbers at the end of each bracket?...

Well, they would have to be a pair of numbers which multiply together to give -3l

I set out this information in a table like this:

2% -1 2 1 22 ‘ All the pairs of
The first - = numbers which
terms in the [~ X 3 -1 -3 1 I multiply to give =3
brackets

MNext I multiply DIAGOMNALLY, and I am looking for a pair of numbers which will add up to
the amount of x's I need.. which from the question is -1x!

‘ 2x -1 3 @ 1 (2x = 3) + (x x -1
|

Ox +-Ix = bx X
2 (Ex = -1) + (x x 3) -Zx * 3% = Ix x

-1 0 _ (2).( X l) + |:>-( 3 -3) = Zx*-3x = -Ix "'.III

(R
()

X

The pair I want is the 3™ column of numbers along

MNow, to get my answer, I just put the two terms from the top row in the first bracket, and
the two terms from the second row in my second bracket..

You have done so much work here, that it

(2x — 3)(x + 1) is definitely worth checking you are
correct by expanding the brackets!
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Ej:r:iﬂn'lp|»';".2 8}62 —_— 2): — ].5

Okay, again let's start by thinking what the first terms in the two brackets must be?...

Problem: They could be either: 8x and x, or the could be 4x and 2x. Both, when multiplied
together, would give us the 8x® that we need!

So this time we need two tables!

The first All the pairs of

terms in the numbers which

brackets multiply to give -15
8x -1 15 1 -15 -3 5 3 -5
X 15 -1 -15 1 5 -3 -5 3
4x -] 15 1 -15 N @ 3 G

e S

2x = =1 -15 1 5 @ -5 3

And once again I must just keep I multiplying DIAGONALLY (in my head if I can), looking for a
pair of numbers which will add up to the amount of x's I need.. which from the question is -2x!

After a long search, I reckon the pair with the rings around them is what I need!
(4x = =3) #* (€x x B) = =12x+10x = =2x

As before, to get my answer I just put the two terms from the top row in the first bracket,
ond the two terms from the second row in my second bracket.. -
(4x + 5)(2x — 3)
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7. Solving Quadratic Equations

The three ways to solve quadratic equations...

Again, it will depend on your age and maths set as to how many of these you need to know,
but here are the three ways which we can solve quadratic equations:

1. Factorising
2. Using the Quadratic Formula
3. Completing the Square

Which ever way you choose (or are told to dol), you must remember the Colden Rule:

The Golden Rule for Solving Quadratic Equations: You should always get TWO answers...
MNote: in actual fact one (or even both) answer may not exist, but you don't need to worry
about that until A Levell

Why on earth do | get two answers?...

This is all to do with the fact that quadratics contain squares, and what happens when we
square negative numbers...

Imagine you were trying to think solve this equation: x2 =25

Well, < = 5 is definitely a solution that works, but there is another..erm.. erm..
What about x = =5, Because when you square a negative number, you get a positive answer!

And that's why we get two solutions when quadratics are involved!
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1. Solving by Factorising
This is by far the easiest and quickest way to solve a quadratic equation, and if you are not
told otherwise, then always spend a minute or so seeing If the equation will Tactorise,

MNote: For the rest of this section, I am going to assume you are comfortable with what was
covered in Algebra 6. More Factorising, Please go back and have a quick read if not.

Method
1. Re-arrange the equation to make it equal to zero

2. Factorise the quadratic equation
3. Think what value of the unknown letter would make each of your brackets equal to zero

4. These two numbers are your answers!

Why on earth does that work?
Imagine, after following steps 1. and 2., you find yourself looking at this..

(x —4)(x +3)=0

Think about what we have got here.. we have two things (< - 4) and (< + 3) that when
multiplied together (disquised multiplication sign between the brackets) equal zero

Well.. If two things multiplied together equal zero, then at least one of them must be zerol
5o0.. you ask yourself: "what value of x makes the first bracket equal to zero?"... 4

And.. "what value of x makes the second bracket equal to zero?"... - 3!
S0 we have our answers:

x=4 o x = -3
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Example |

£ —3x — 28 =0

Okay, let's go through each stage of the method:

1. The equation is already equal to zero, so that is
a bonus!

2. Let's factorize the left hand side, like the good
old days..

=35 -28 5 (x -+ 4)
And so, in terms of our equation, we have:
(x — T){x +4) =0

3. Right, we need to pick some values of x to make
each of the brackets equal to zero:

(x — 7)(x +4) =20

4. 50, we have our answers ..

X =7 or X =

Example £

2% + 5x = 3

1. Problem: the equation is NOT equal 1o zero.. but
it we subtract 3 from both sides, we're good to go!

2x% + 5x — 3 =0
2. This is one of the tricky factorisations..
25 455 -3 5 2x - 1D(x + 3)
And so, in terms of our equation, we have:
2x —D{x+3)=20

3. Right, we need to pick some values of x to make
each of the brackets equal to zero:

2x - D(x+3)=20
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2. Solving by using the Quadratic Formula

The qood new

s 1s that the quadratic formula can solve every single quadratic equations

The bad news is that it looks complicated and it's fiddly to use!

The Quadratic Formula:

+ or - this is where

v =

the 2 answers
/| come from

—b ::;\/b2 — dac

2a

What do the letters stand for?...

MNote: To be able to use this
formula, you must be very qood at
using your calculator, Practice to
make sure you can get the
answers I get below, and if not
then ask you teacher!

The letters are just the coefficients (the numbers in front of) the unknowns in your equation:
Remember: as always, you must include the signs of the numbers as welll

Example

5x2 — 8x+12 = 0

ax’ +bhx+c =

&L

(@)
o ©O

S~
I

|
oo
3
I

12

MNever Ever Forget: Before you start sticking numbers into the formula, you must make sure

that you rearrange your equation to make it equal to zerol

Return to contents page




Example |

—dx +2=0 s

What a nice looking equation. I bet it
factorises.. erm.. erm.. no it doesn't!

So we'll have to usze the formula,

It's dready equal to zero, so we just need to
figure out what our a, b and ¢ are:

axt +bhx+c = 0
2 —dx +2 =0

a =1 b = —4 c = 2

Pressing the buttons on the calculator

You'll be amazed how many people throw away
easy marks because they can't use their
calculator properlyl

Here is one order of buttons you could press to
get you the correct answer!

Top Tip: always put any
negative numbers in

brackets or calculators

Change this to
minus to work out
the 2M answer!

tend to do daft things!

Mote: a =1, and not 0! Remember, the 1 is hiddenl

Stick the numbers in our formula..

——4 & -4 - 4Ax1x2
2x1

And if you are careful with your calculator, you
should get..

X =

x = 341 or X = 059 (2dp)

i e O JiaE| EyE i |

3.414213562

Changing the sign to minus gives the other

answer of..

0.585756437

Return to contents page



Example £

552 = 10 — 3x

It's not going to factorise, and it's not equal to
zerol

So before we use the formula we must.. add 3x
and subtract 10 from both sides to give us:

5¢° +3x —10 =0

axl +bhx+ec =0
55 +3x — 10 = 0

Stick the numbers in our formula..,

3 4+ 432 = 4x5x-10
2X5

X =

And it you are careful with your calculator, you
should get..

¥y =115 or X = =175 (de)

Pressing the buttons on the calculator

Okay, this time we'll work out the answer that
uses the minus on top of the fraction instead of

the plus..

||

[ 3] Oy

t

S e
b\

Top Tip: always put any
negative numbers in

brackets or calculators

Change this to plus
to work out the 2™

answen!
tend to do daft things!
3] ] [y Fa] X] 5] [ X
] ey el o) T T L= -17.45683229

Pak

This gives you the value of the top of the fraction

]

o [N

5 ;:_):;: I =.,;|

-1.745683229

Changing the sign to plus gives the other
answer of..

1.145683229
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3. Solving by Completing the Square

How would you factorise this?...
x* + 10x

It doesn't look like it can be done, but what about if I write 1t like this.. A

(x + 5)° L

Now that is certainly factorised as it is in brackets, but is it the correct answer?..
Let's expand the brackets using FOIL to find out..

(x + 5% = (x+5) (x+5) = 2 +52x+5x+25 = x* + 10x + 25

It's closel In fact, our factorised version is just 25 foo bigl So, we can say...

x* +10x = (x + 5 — 25
And that is completing the square.. the square is the {x + 5)%, and the - 25 complefes ifl

Method for Completing the Square

1. If the number in front of the x2 isNOT 1, then take out a factor to make it so
2. Complete the Square using this fancy looking formula:

Mote: b, is just the number (with
x2 + hx = (x + %)2 — (%)2 signl) in front of the x, like 10 in the

example abovel

3. If you need to solve the equation, use SURDS .. Crucial: When you square root, you must
take both the positive and the neqative to make sure you get TWO answers!
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Example 1 Complete the square and salve:

2 —4x = 21

1. The number in front of x? iz 1, so we're fine!

2. Let's use the formula on the left hand side:

2+ s o= (x+ 508 - (B4)

= s = - ) - Ol

(x - 2)° - 4
(x - 2) -4 =21

So now we have:

3. Well, so long as you are qood at solving
equations, you'll be fine from here ..

+4 (x — 2)° = 25

V| x-2= 125 = 5

+2 X = x5 + 2

So x=5+2=7 ©Or
X = -=-5+2 = -3

Example £ Complete the square and solve:
2
4x* — 8x = 21

1. The number in front of x? is 4, so we must taoke
out a factor of 4 to sort things out!

4 (x* - 2x) = 21

2. Use the formula on the terms in the brackets:

- 2= (@ - P - ()

(x - 1)° -1
So now we have: 4[(:( _ 1)2 _ 1:| = 721

—

Expanding 4 (x — 1)~ 4 = 21
3. Time to saolve..
+4 4(x - 1)° = 25
-4 (x — 1)° = 6.25
J ¥ -1 = 625 = +2.5
+1 X = 25 +1
x=25+1=350r x= =25+ 1= —-15
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8. Simultaneous Equations

What are Simultaneous Equations?

Simultaneous Equations are two equations, each containing two unknown letters, and you have to
use both equations, in a clever way, to find the value of your unknown letters!

Cey Point: The values you find for your unknown letters must make BO TH equations balance -
and once again this is another Algebra topic where you can check your answers and quarantee
thatyou have got it right! I told you Algebrawasn't so bad...

Skills you need to have mastered before we start...
In this section I am going to assume that you are an world expert on the following things:
* How to solve equations (see Algebra 4. Solving Equations)

* Rules of Algebra (see Algebral. Rules of Algebra)

* Rules of Negative Numbers (see Number 8. Negative Numbers)
If this is not the case, go back now and have a quick read through!

Please Note: The graphical method for solving simultaneous equations is discussed in Graphs 1.
Straight Line Graphs
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How Mr Barton Solves Simultaneous Equations

1.

2.

If you need to, re-arranqe your equations so they are in the same form

Write one equation underneath the other, lining up your unknown letters

. Choose one of the unknown letters and use your algebra skills to change one or both of the

equations to make sure there are the same number (don't worry about =ign) of your chosen
letter in each equation. Your chosen letter becomes your Key Letter,

. Put a box around your Key Letters and their sign [\

. Follow this rule:

If the sign=s are the same, subtract the two equations ~ N\
If the signs are different, then add the two equations

. If you have done this correctly, your Key Letter should cancel out and you should be left with

Just one equation with one unknown

. Solve thiz equation to work out the value of the unknown letter

. Choose one of the ariginal equations and substitute in the answer you found in 7. to work out the

value of the other letter.. and try to pick the equation that will make life easy for yourself!

. Check your answers are correct using the equation you did not choose in 8. |

Return to contents

page




Example | 3x + ¥y = 19 X +y = 9

1. Good news! Qur equations are in the zame form: some x's and
some ¥'s, equal a number!

2. Let's write the second equation underneath the first..

3. Okay. so we need to pick either the x's or the ¥'s to be our
Key Letter, Well.. notice how there are already the same number
of ¥'s in both equations (there is a disquised 1 in front of both),
so let's pick the v's to make life easier for ourselves!

4. Put a box around our Key Letters, and their signs:

5. The signs of our Key Letters are the same (both +) so we must
Subtract equation @ from equation @

6. Qur Key Letters have cancelled out, leaving us with a nice
looking equation: 2% = 10

7. Solve it:

8. Use this value in one of the original equations (I'll chose @ )
to find the value of the other unknown letter:

9. And now we have our two answers: X = 5 ¥ = 4

But we may as well check them using equation @

@ x+ty =9 |
Y

"le 5+4=09
4
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Example & 3x — 2.}? = 3 2x + 2}*’ = 12

1. Good news! Qur equations are in the same form: some x's and

' |
some ¥'s, equal a number! @ Ix — 2)" = 3
2. Let's write the second equation underneath the first.. @ 5 5 12
3. Okay, so we need to pick either the x's or the v's to be our X Ty =
Key Letter, Well.. notice how there are already the same number
of ¥'s in both equations (there 2 - don't worry about the signl), so
let's pick the v's to make life easier for ourselves!
- —
4. Put a box around our Key Letters, and their signs: @ X 2)? = 3
+ _
5. The signs of our Key Letters are different (- and +) so we @ 2x |+ 2.)" = 12
must Add equation @To equation @ 5 15
4 =

6. Qur Key Letters have cancelled out, leaving us with a nice
looking equation: S+ = 15

7. Solve it: 5 L, x =3

8. Use this value in one of the original equations (I'll chose @ ) @ 2x + 2y = 12

to find the value of the other unknown letter:

9. And now we have our two answers: X = 3 ¥ = 3 -6 > 2}; = 6
But we may as well check them usingequaﬂon@ 27 L. y = 3
@O3x -2y =3|x31,9_¢=3

y=3
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Example 3 2x + 3_}? = 7 3x + 5_}7 = 18

1. Good news! Qur equations are in the zame form: some x's and
some ¥'s, equal a number!

2. Let's write the second equation underneath the first..

3. Okay, bad news, We don't have the same number of either

unknown, No problem, though! Why not moke the number of x's
the same by.. multiplying &2 by 3 and.. multiplying @ by 2

Mote: We could have made the v's the same it we had liked!

4. Put a box around our Key Letters, and their signs:

5. The sign=s of our Key Letters are the same (disquised +) so we
must Subtract equation @ from equa‘rio@.

6. Qur Key Letters have concelled out, leaving us with a nice
looking equation: -y = - 15

7. Solve it (people seem to mess these ones up..)

8. Use this value in one of the original equations (I'll chose @ )
to find the value of the other unknown letter:

~19 y = 15

But we may as well check them using equation @

@ 2x + 3y =7

9. And now we have our two answers: X

¥=-19
y=15

.38 + 45 = 7

y=-15 — 3x
-75 >
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xample 4 Fx — 2y = =20 3x = 6 — 4y

1. Bad news! Look at that 2™ equation! Might just have to add 4y
to both sides to sort that mess out!

2. Let's write the second equation underneath the first..

3. Okay, bad news. We don't have the same number of either
unknown. No problem, though! Why not make the number of v's

the same by.. multiplying @ by 2. The signs will be different,
but who cares?

4. Put a box around our Key Letters, and their signs:

5. The sign=s of our Key Letters are different (- and +) so we
must Add equation @ to equation (1)

6. Qur Key Letters have cancelled out, leaving us with a nice
looking equation: 17+ = —734

7. Solve it (be careful with negativesl)

8. Use this value in one of the original equations (I'll chose @
to find the value of the other unknown letter:

9. And now we have our two answers: ¥ = — 2 ¥y = 3

But we may as well check them using equation @

®7x - 2y = -20 “'32 14 - 6 = —20
'y':

® 3x +4y = 6

¥x=-2 |+—» —6 + 4}.’ = 6
6 > 4y =12
14 b y = 3
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Quadratics and Simultaneous Equations?

One other thing you might be asked to do is to solve a pair of simultaneous equations where one

of them is a quadratic!
Here 1s how I do these ones...

How Mr Barton Deal With Quadratics

1. Re-arrange your linear equation so that it is y=

2. Substitute the linear into the quadratic, being really careful about squares and neqatives!

3. Your quadratic should now only have one unknown letter in it thopefullyl). So rearrange it into a
hice form and then zolve it by either factorizing, or using the Quadratic Formula,

Remember: You will get TWO pairs of answers!

4. Use each of your answers to substitute back into one of the original equations to find TWQO

values for the other unknown letter.

5. Check each of these values are correct by subbing into the other original equation

or xX-=

Example | y =X

¥y =2

v
v

+

3
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1. Good news, the linear equation @ iz already in a very nice form

® ®
= =
I
g:) MM
+
D

2. Let's substitute @ into our quadratic expression

Remember: this means that every time we see y in equation @ O @

we must replace it with 2x + 3

3. Okay, so now we have our quadratic, with only one unknown
letter in it (x), instead of twol

2
Let's re-arrange to make it equal to zero -3 —=0=x"-2x -3
MNow, let's cross our fingers and hope it factorises.. YES! (,x + 1) x — 3) = 0
We solve these in the usual wayto get: x = —1 and 3 l l

4. Now it's time to substitute each of our answers into one of k=-1 |= y = — 7 4+ 3
the original equations (I choose @ ] to find our two values
for v, which gives us our answers: y =1 and © — y = 1

5. But let's check these by subbing into equation @

_— , , X=3 » ¥y =6+ 3
o1 | I EX L= () — 1= —  y =9

x=d o Ig_’ 9 = -3y — ¥y =9 }‘
y=9 d ( 3) 250 et
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* 9. Inequalities

What are Inequalities?

Inequalities are just another fime-saving device invented by lazy mathematicians.
They are away of representing massive groups of numbers with just a couple of numbers and a
fancy looking symbaol,

Good News: So long as you can solve equations and draw graphs, you already have all the skills

you need to become an expert on inequalities!

1. What those funny looking symbols mean

< means "is less than”

<€ means "is less than or equal to"

> means "is greater than"

2 means "is greater than or equal to"

For Example:

1. <x < b Means x is less than &

2. p =z 100 Means p is greater than or
equal to 100

3. m -7 Means x is greater than -2

So x could be 4, 0.6, -23.. but NOT &l
So pcould be 104, 10000, 201.5.. AND 100!

Soxcouldbe-1.9, 0, 4,3, but NOT -2l
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2. Representing Inequalities on a Number line
These are very common questions, and pretty easy ones too,

Method:

* Draw a line over all the numbers for which the inequality is true (the ones you can see, anyway)

* At the end of these lines, draw a circle, and colour it in if the inequality can equal the number,
and leave It blank if it cannot.,

X > -2
- -
I I I | I I I I I I I
1 | | | | | | | | | 1 1 |
-6 5 -4 -3 -2 -1 0 1 g 3 4 5 6
¥ < 3
— @
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3. Solving Linear Inequalities

Good News: The rule for solving linear inequalities is exactly the same as that for solving linear
equations - whatever you do to one side of the inequality, do exactly the same to the other

Just one thing: If you multiply or divide by a NEGATIVE, the inequality sign swaps around!

VWhy on earth does the sign swap around?
Imagine you have the inequality that says: § is greater than5: 8 » 5

Let's multiply both sides by 4.. | x4 » 32 » 20 which is still true!

Now, let's divide both sides by -2.. | s.2 > -16 » -10 which is NOT truel

And the only way to make the inequality true is to switch the sign aroundl.. -16 < -10
Example ] 6Xx + 3 = 27 6y + 3 = 27
1. Ckay, so just like when solving equations, we unwrap our .3 — By = 24
unknown letter, by thinking about what was the last thing o

done to it, and doing the inverse to both sides!

2. Just need to divide both sides by 6, and we have our

answer .. and because 6 iz positive, no need to swap any signs
around!
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Example £ S —6 < 2x + 9

1. Again, we do exactly the same as we would if this was an
equation. Start by collecting all your x's on the side which

starts off with the most x'sl

2. Now we have a nice easy inequality to unwrap!

3. Which gives us our answer

Example 3 —Z(SX — 4) > 98

1. Let's get those brackets expanded, being extremely
careful with our neqative numbersl

2. Now we begin to unwrap!

3. Notice here that we are dividing by a neqative number,
and so we must make sure we remember to switch our
inequality sign around!

S — 6 <« 2x + 9

- 2%

" 3x -6 < 9

> 3x < 15

— X < 5

~2(5x — 4) > 98

— —10x + 8 > 98

-8

—  —10x = 90

+-10

l» X < =90
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Example 4 4 < 3% + 5 <8 —4 < 3x +5 €8

1. This looks complicated, but all you are trying to do is
unwrap the unknown letter in the middle, and whatever you 5 > 9 <3x =3
do the middle, you must also do to both ends!

AN
[

+3 > =3 < X

2. Careful unwrapping gives us our answen:

it
p—

3. But what does that mean?... Well, it may become clearer x > —3 and X
when written like this:

So, x must be greater than -3 and less than or equal to 1, so
% must be between -3 and 1

4. Solving Linear Inequalities Graphically N

The examiners love asking these ones, and my pupils hate doing them!
Basically, you are given one or more inequalities and you are asked to show the region on a graph
which satisties them all (l.e. every inequality works for every single point in your region)

MNow, before we go on, I am going to assume you are an expert on drawing straight line graphs,
If this is not the case, read Graphs 1. Straight Line Graphs before carrying on..

Method

1. Pretend the inequality sign is an equals sign and just draw your line

2. Look at the inequality sign and decide whether your line is dashed or solid

3. Pick a co-ordinate on either side of the line to help decide which region you want
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L]
eqg. 1l x < 2 i 3. Choose a co-ordinate
: on one side of the line:
1. Draw the line x = 2 . eq. (-3, 1).
643291143 4¢ x=-3 y=1
2. Notice it is a =olid line 2 x£2—-3=1 \'r
as x CAMN be & p So our point is on the
side of the line we want!
e y - 2;{ —1 f ¥ 3. Choose a co-ordinate
. on one side of the line:
1. Draw the line y = 2x - 1 . eq. (4, 2).
F 3 s 2. ¢/ RN x=4 Y= 2
2. Notice it is a dashed . y » dx-l
line as y CANMNOT be - — 4 > 8-1
5 — 4 =7 X

Zx -1

So we want the other
side of the line!

5Ty
4
3
1
Q t
6-4\"{'«1’ 1 3 4 5
-
-
R |
£
<1y .
4 1‘
s’
3 4
'
2 # L
"4 'l
1'
o
6-4\’«.'-!_”,'123‘5
’
4
l'.‘;
’
;-
s
- £
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y o= 2 5x+8y < 40

For questions like this, just deal with each inequality in turn, shading as you go!

MNote: When you have got more than one inequality like this, it's normally best to shade the reqion

you DON'T WANT, so you can leave the reqgion you do want blank!

XZI 0]y }’3"2 ;

0 0
9
You should be able to do * The big y values are all ﬁ
this one all in one. g above the line, so let's ]
The poi . ¢ shade the ones we don't
e points where x is s + below the linel ‘
greater than 2 are to the want el e Hne .
right, so shade the left! J '
' 2 3 4 5 & 7 8
Syt 8), < 40 3. Choose a co-ordinate
o on one side of the line:
1. Draw the line Bx+8y =40 s eq. (2, 1)
¢ x=2 y=1

5 -
2. Notice it is a solid line as’ Sx+8y < 40

Bx+8y CAMN be equal to 40 2 —> 10+8 < 40
' i —> 18 > 7

1 2 3 B £ 6 7 8

A So we shade the other
side

- N AN

e i 3 IRH it SRl Putting it all together leaves us
S «— the blank region in the middle
FHEL HHHL 7 s that satisties all the inequalities!

“_“- D WSS Yy OO
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5. Solving Quadratic Inequalities — warning, these are hard!

MNow, I have away of doing these which may be different to how you have been taught, so feel
free to completely ignore my method.. but I must admit I think it's pretty good!

How Mr Barton Solves Quadratic Inegqualities

1. Do the same to both sides to make the quadratic inequality as simple as possible
2. Sketch the simplified quadratic inequality

3. Use the sketch to find the values which satisfy the inequality

Example 2;:,‘2 + 3 = 53

3
1. Okay, so let's use our algebra skills to get this quadratic -3 = 2x° = 50
inequality as simple as possible:

2. MNow, let's think about what this inequality is saying: "we want all
the values of x where x? is greater than our equal to 25"

Let's sketch that!

MNow all we need to ask ourselves is: "for
what values of x iz x? biggqer than 262"...
Well, from our graph it locks like the answer
is when x is either bigger than & or smaller
than -5, which gives our answer:

X =5 ar X < =5
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10. Indices

What are Indices?

Indices are just a fancy word for "power”
They are the little numbers or letters that float happily in the air next to a number or letter

A hit of indices lingo:

4 “ The index or power

The base >

Two things you must remember about indices. ..
1. Indices only apply to the number or letter they are to the right of - the base

.. in abe?, the squared only applies to the ¢, and nothing else. If you wanted the squared
to apply to each term, it would need to be written as (abc)?,

2. Indices definitely do not mean multiply
e.q. 6% definitely does not mean 6 x 3, it means 6 x 6 x 6
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Rule 1 — The Multiplication Rule

Using fancy notation: am 4 a” - am*‘n

Whenever you are multiplying two terms with the same

What it actually means:
y base, you can just add the powers!

Numbers: If there are numbers IN FRONT of your bases, then you must
multiply those numbers together as normal

Examples

12
x3 % JC4 — x7 Af Classic wrong answer: X X
25 v 23 — 23 Af Classic wrong answer: 48 X

3p4 X 2p5 = 6p9 Af Classic wrong answer: 6p X

2 2 3 224 4

2ab‘c x Sab’c’ = 10a*h’c”

Remember: if a base does not appear to have a power, the power is a disquised 1!
L 2 12.2 1
e.g. 2ab’c = 2ab’c
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Rule 2 — The Division Rule

Using fancy notation: ¢’ =+ @& = @& op a P

Whenever you are dividing two terms with the same base,

What it actually means: _
you can just subtract the powers!

Numbers: If there are numbers IN FROMNT of your bases, then you must divide
those numbers as normal

Examples @?

xl? - _x4 — xg \f Classic wrong answer: A X

— 54 ‘Uf Classic wrong answer: 14 X

2
_ 4k5 Af Classic wrong answer: Ak° x
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Rule 3 — The Power of a Power Rule

N2 AR
Using fancy notation: (a ) =

Whenever you have a base and it's power raised to another
power, you simply multiply the powers together but keep the
base the samel

What it actually means:

Numbers: If there is anumber IN FRONT of your base, then you must raise
that number to the power

Examples

(x5)3 — xlS A Classic wrong answer: X X
(23)2 — 26 of Classic wrong answer: 46 X
(3(,14)3 = 27&12 \f Classic wrong answer: 9&12 X
'
(2a’b’c)’ = 324°b"c° &9
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Examples Using all Three Rules

mx=n

rule3: (@) = @

m
{d =
et @t X ad = @ttt |rule2 Z— = g™
n
{d
3 254 3 3
X X (X) Rule 3 A XA Rule 1
X X
332 210 6 20
;_(5) X(S) Rule 3 . 5 XS pule 1
(5°) x 5 50 % &

5 (VY x () s 25V x 16vT

A pulez 4
x5

2
5 Rule 2 x15
511

Rule 1 N 400v28

S0v

27
Rule 2 ., Sy

S0y
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Rule 4 — The Zero Index

0
Using fancy notation: & = 1

What it actually means:  Anything to the power of zero is 1l

Examples xO =] 170 = | 5x0 = 5% 1= 5

Rule § — Negative Indices

Using fancy notation: ™" = ——
m

a

What It A negative sign in front of a power is the same as writing "one divided by
actually means:  tho page and power", The posh name for this is the RECIPROCAL

Watch outl  Only the power and base are flipped oxf{ar, hothing elsel

1 \

o y 1 5
E.:z:_ﬂ.mpl»'_-f'_-‘- X 2 S 5—4 = -3 —— S
x2 54 o a3
1., 3, 1, 4. 2. 3. 27
= 2y = 3 232 = (22 =16 Y8 = (DB3= £
G = G 7 = (D Gy = G- =
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Rule 6 - Fractional Indices

1
Using fancy notation: - "
a"” = \/a

What It | When a power is a fraction it means you take the root of the base.. and
actually means:  ywhich root you take depends on the number on the bottom of the fraction!
1
The main ones: g2 = -\)a The power of a half means take the square-root!
1
- ; _ ) |
a’ = fa The power of a third means take the cube-rootl

Examples For ones like the last two it is worth
, learning your powers of 2 and 3:
642 = J64 = 8 92 = 4 32 = g

1 2’ =8 37 = 27
273 = 327 = 3 Because 33=27 ) )
2" =16 37 = 81
1 5 _
325 = 332 = 2 Because 29=32 2° = 32
2% = 64
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Flip It, Root It, Power It!

Sometimes you get asked some indices questions that look an absolute nightmare, but if you just
deal with each aspect in turn, then you will be fine:

1. Flip It - If there is a negative sign in front of your power, flip the base over and we're positivel
2. Root It - If your power is a fraction, then deal with the bottom of it by rooting your base

3. Power It - When all that is sorted, just raise your base to the remaining power and you're donel
Examples
- 3
2 —
1. 8'§ Flipit (1)3 Root Tt (\/1-)2 — (1)2
8 s 2

2
Power It 1
- —

1
2 4

1 -2
2. (a) 6 FHipit . 642 Root It (6 64)5 = 9

Power It . 3 2
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1. Straight Line Graphs

1. The ones you should know, but which everyone mixes up

You need to learn how to recognise and draw horizontal and vertical lines,
I have put two examples below.. have a look at them and get them fixed into your brain!

10Ty
a1
6 +
PR
7 4
X : X
R R s £ s an i S 4eea B R & D S SR
10 8 642 $ 8. 1D 10 B B 4 ol it AN
oy
4T
R | 8
R 4 - : R
A0 4 A0 &
Every single point on this line has an x Every single point on this line has a y
co-ordinate of 6, so the equation of the co-ordinate of -4, so the equation of
ling is: x = 6 the ling is: y = -4

Note: The equation of the < axis isy = 0.. and the equation of the y axis isx = 0
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2. What does the Equation of a Straight Line actually mean?

The equation of a straight line is just away of writing the relationship between the < co-
ordinates and the y co-ordinates that lie on that line.

Example: y=2x -1

This says that the relationship between all the x co-ordinates and all the v co-ordinates is:
"get your x co-ordinate, multiply it by £, subtract 1, and you get your v co-ordinate”

S50..If a pair of co-ordinates has this relationship.. such as (5, ¥).. then it's on the line

If it doesn't.. such as (3, 2).. then 1t does not lie on the line

What you end up with is just a straight line that goes through all the co-ordinates which
share that relationship
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3. Drawing Straight Line Graphs from their Equation

As well as the horizontal and vertical lines, there are 2 other types of straight line graph
equation, but they both follow the same general method:

1. Choose a sensible value of x.. one that is small enough to fit on the paper, and easy enough
for yvou to work out

2. Carefully substitute it into the equation to get your y value

3. Do this 4 fimes so you have four points

4. Join them up with a straight line

Crucial: If one of your points does not lie on the straight line, then I'm afraid you have made
a mistake.. but at least you know which one is wrong so it should be easy to fix!

Number 1 Classic Mistake People Make:
Messing up their negative numbers.. you must be very careful when substituting negative x's

One Final Top Tip
Pick x = 0 as one of your points, as it is often nice and easy to work out the y value!

Return to contents page




Type 1.y =

y=2x—1
X 0 Z S —2
vy | 1| 3 | 7 | -8 o 5 5 310
y=—3x+25
—— I ) W - : X 0 2 4 -1
10 -8 6 4 -2 4 b g8 10 -
“1 y 5 | -1 | -7 | 8
‘ L 3 -
5 1
.1(1:
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Type 20 x + vy = number

The technique for these is just the same - you still want to find points that lie on the line -

but unless you can spot a good pair that works, Try substituting x
and theny = 0 to get an x co-ordinatel

Sx+3y=15

0 to get avy co-ordinate,

dx+6y=-24

-6

0
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4. What can we learn from the Equationof aline: y = mx + ¢

The more Type | lines you draw, the more you should start noticing the link between the
equation of the line, and what the line actually looks like

These are the Big Facts that you need to know!

y=mx+c

m Ll &
* This number tells you the gradient/steepness of the * This number tells you where the
line line crosses the y axis
* The bigger the number, the steeper the line * Its posh name is the v intercept
* If the number is positive

, the line slopes upwards

* If it is negative, the line slopes downwards

* Parallel lines have the same gradient

Classic Mistake: If the equation is NOT in the form: v = mx + ¢, you must first
re-arrange it before you start saying what the gradient and intercept arel
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9. Working Out the Equation of a Line

Using our knowledge of v = mx + ¢, we can actually work backwards and figure out the
equation of a straight line just by looking at itl

107y /
/ First we must work out the gradient of the
g1 [ line, and we do this by drawing a right-
| angled triangle anywhere on the line and
61 / : 6 using this lovely formula:
/ [
49 / I
- Change in y
-4/ Gradient =
v 3 Change in x
/ %
PP EEWA AFEPEE SN
//". - 6
/ Gradient= _ =17
/ 3
L R |
/ o4 Now all we need is our y-intercept, which is
/ just the place the line crosses the y axis..
/ 1 which is (0, 1)
7

10+

S0, our equation must be.. ¥V = 2x+1
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6. Using Straight Line Graphs to Solve Simultaneous Equations

As I mentioned in Algebra &, it is possible to use straight line graphs to solve simultaneous

equations
All you need to do it to carefully plot both lines, and the point where they cross is your
answer.. but remember you want <= and vy =

Example: Solve the following pair of
simultaneous equations graphically:

X+y =D and 2x+y =6
X+ y=23 2x+y=06
X 0 5 X 0 3
¥ b 0 ¥ 6 0
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2. Quadratics and Cubics r-

1. What does the Equation of a Curve actually mean? \ |

The equation of a curve, whether it be a quadratic, a cubic, or anything else, is just away of
expressing the relationship between the x co-ordinates and the y co-ordinates that lie on
that curve,

Example: y = %%+ 3x - 9
This says that the relationship between all the x co-ordinates and all the y co-ordinates is:
"get your x co-ordinate, square it, add on three lots of your x co-ordinate, subtract 9, and

vou getyour y co-ordinate”

S50..If a pair of co-ordinates has this relationship.. such as (2, 1).. then it's on the curve

If it doesn't.. such as (D, 4).. then It does not lie on the curve

What you end up with is just a curve that goes through all the co-ordinates which share that
relationship
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2. Drawing Curves from their Equation

The method is identical to how we drew straight lines

1. Choose a sensible value of x.. one that is small enough to fit on the paper, and easy enough
for you to work out

2. Carefully substitute it into the equation to get your y value

3. Do this enough times 1o see the shape of the curve

4. Join them up with a smooth curve (don't have any sharp, pointy bits)

Crucial: ¥You are more likely to get the shape of the curve right if you have a good knowledge
of what shapes different equations makel Have a quick read though 3. Shapes of Graphs
before you carry onl

Number 1 Classic Mistake People Make:

Messing up their neqative numbers.. you must be very careful when substituting negative x's,
whether you are doing this on a calculator ar inyour head (see the next 2 sections)

One Final Top Tip
Pick x = 0 as one of your points, as it is often nice and easy to work out the y value!
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3. Substituting Numbers in your Head

If you are asked to draw a curve on a non-calculator paper, then you will need to be very
careful

Things fo remember
1. What order you must do operations - remember BEODMAS??
2. All you rules of negative numbers!

Example
If I was trying to substifute x = -2 intoy = x% - 4 + 2, then this is what I would be saying fo
myself in my head:

Okay, let's deal with the squared term first..

(-2)% is equal to.. 4, because when you square a negative you get a positive..

Next up is 4x.. which is 4 multiplied by x..

* Which is 4 x (-2)..
Which is equal to -8

* So,Ihave. 4--8+

Well, those two minuses are touching, so they become a plus

* Solhave. 4+8+2.

*  Which equals 10

50, the point I need to plot has the co-ordinates (-2, 10)

o~

[l
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4. Substituting Numbers using a Calculator

Whilst having a calculator makes doing tricky sums much easier, it also means you are likely
to get much more difficult numbers to work with, and if you are not careful, calculators
can do some daft things!

Things to remember
1. Always put your negative numbers in brackets
2. Always do each calculation twice to make sure you didn't press a wrong button!

Example
If I was trying to substitute x = -4 intoy = x¥ + 2x? - & + 2, then this is the order I would
press the buttons:

¢ L=104]1[y] L» ] 2 X Ldl=104][>] [l
2
-

;
X 2x

: o W s W e s s W e | i
6x 2

And if you do all that, you should get a y value of.. -6
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9. Using Curves to Solve Equations

Seeing as you have taken all that time drawing a beautiful curve, you may as well use it to
solve an equation

Method

1. If it isn't already, re-arrange the equation so all the letters are on the left, and there is
either a number or a zero on the right hand side

2. Draw the graph of the left hand side of the equation
3. Onvyour graph, draw a horizontal line through whatever number was on the right hand side
of your equation

4. Mark on the points where this horizontal line crosses your curve
5. The x co-ordinates of these points are the solutions to the equation

MNote: If there is a zero on the right hand side of the equation, you are just looking for the
points where the curve crosses the x axis!

6. Putting it all Together

What follows now are three examples of drawing graphs and then using them to solve
equations

I suggest you make sure you can get each of the numbers in the table yourself.. both inyour
head and on a calculator!

Return to contents page




Example 1 [

y=x'-3x—4

Use the graph to solve: x2 —3x—-4=0

We are looking for where the curve crosses the < axis, which gives us solutions of:

X = -] and X =4
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Example 2

3 -
y=x"=8x+5| , || 2|13 |wz|s|2]|-=3]3s]|a

Use the graph to solve: ¥y —8x+5=0

Again, we are looking for where the curve crosses the = axis, which gives us solutions of:

(]

VW = .
7N

1l x=07 and x=25 . theseare only rough answers, but that doesn't matter!
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Example 3 [ T T T T I T

4‘2 .
y=2x" —5x y | 18 | 7 0o | 3| -2 | 3 | 1

do

Use the graph to solve: 2x2 — 5y =4

We must draw in the liney = 4 and read off the x co-ordinates of where the line hits the curve

X =-0.f and y e s
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3. Shapes of Graphs

The Importance of knowing the Shapes of Graphs...

If you can look at the equation of a graph and already have a pretty good idea of what shape
itwill be, you are more likely to spot any silly errors when plotting it

NOTE: What follows are general shopes of graphs - learn to spot the key features of each!

1. Positive x
Equation: Highest power of x is 1, and the x term is positive

Examples: Y =2X+3 y=x-8 y=5x y=9x-6
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2. Negative X
Equation: Highest power of x 1s 1, and the x term is neqative

Examples: y =-5x+3 y==xX=-3 y=-—ix y=5-06x
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3. Positive x?
Equation: Highest power of x is 2, and the x2 term is positive

Examples:  y = x* y=x*+5 y=x"-3x+2 y=3x"+2x-6
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4. Negative x-
Equation: Highest power of x is 2, and the x? term is negative

Examples:  y = —x2 y = 22 4+ 4 y = 2032 — 5x+5) y=5 + 3 — 2

17
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9. Positive x°
Equation: Highest power of x is 3, and the x® term is positive

Examples:  y=x y=x +10 y=x -2 —4x+2 y=2x —6x
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6. Negative x°
Equation: Highest power of x is 3, and the x® term is negative

Examples:  yp=—x° y==5x+2 y=—d+xX*+5  y=5+43x+5x"-x
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7. Positive Reciprocal
Equation: Contains a fraction with a positive x on the bottom

Examples: }’=%:. y=5x y=%x y= 34x+2
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8. Negative Reciprocal
Equation: Contains a fraction with anegative x on the bottom

Examples: y=—%€ y:S_x y-_——%x y-_-z_%
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4. Travel Graphs and Story Graphs '

Interpreting Travel Graphs and Story Graphs
Often you will be presented with a "real life" graph and asked a few question based upon it

MNow, the temptation is to rush in and write down the first thing that you see..

But don't!
Just take a few moments, and ask yourself these questions before your pen touches the paper!

1. Look carefully at both axis to see what the variables are
2. Look at the scale carefully so you can accurately read the graph
3. Look at the gradient of the graph:

- What does a horizontal line mean?
- What does a positive/neqgative slope mean?

4. Always read the question extremely careful and check your answer!
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Example 1 - Travel Graph

100

Liverpool The graph on the left shows a
journey made by a family in a
car between Preston, Formby
80 and Liverpool. Look at the
graph and then answer the
following questions:

60 (a) What time did the family
/ arrive in Liverpool?

{b) What is the distance from
Formby to Liverpool?

Distance (km)

spend not moving?

Formby 40 \ {(¢) How long did the family

(d) What wos the average
speed on the journey home?

20

Preston
08.00 10.00 12.00

Time
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Before we begin...

Okay, let's get to the bottom of what this graph is showing us by asking ourselves those key
questions:

1. Look carefully at both axis to see what the variables are
Okay, so we have distance in kilometres going up the y axis, and time in hours going along the x
axis

2. Look at the secale carefully so you can accurately read the graph
On the y axis every square represents 10km, and on the x axis every square i1s 30 minutes
(quarter of an hour)

3. Look at the gradient of the graph:
- What does a horizontal line mean?
A horizontal line means that time is still passing, but the distance travelled isn't
changing.. so the family must have stopped moving]
- What does a positive/neqative slope mean?
Positive slopes mean the family is travelling from Preston towards Liverpool, and a
negative slope means they are on their way back home!

MNote: If you wanted to be really clever (and why notl) vou could say that the family are
travelling faster between Formby and Liverpool than between Preston and Formby,

Why?. well, notice how the line is steeper, meaning they are fravelling more distance in less
time, so they must be going quicker!

4. Okay, now we have a really good understanding of the graph, sowe can answer all the
questions.. and hopefully it will be dead easy!
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Answering the Questions:

(a) What time did the family arrive in Liverpool?

The line first hits Liverpool at 10.00

(b) What is the distance from Formby to Liverpool?

Formby is 40km from Preston, Liverpool is 90km from Preston, so the distance from Formby to

Liverpoal must be 50km!

(¢) How long did the family spend not moving?

As we discussed, when the family is not moving we see a horizontal line. Well, that happens twice,
firstly at Formby for 30 minutes, and then at Liverpool for 60 minutes, giving us a grand total of 90

minutes.. or one and a half hours!

(d) What was the average speed on the journey home?

Okay, this is the tricky one. To answer it you need to know that:

Average Speed = Distance Travelled <+ Time Taken
Which means on the journey home we have:
Average Speed = 90 km + 1 hour

= 90 km/hr
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Example 2 - Story Graph

Water is poured into various glasses at a constant rate. The graphs below are sketches
showing how the height of water in the glasses changes over time. Match up the shape of
the glasses with their graphs

MNote: Each graph can represent more than one glass.

s A 5 B 5. C 5. D
4+ +
=R < A = A < A
= " = -
‘*5 o “.5 —
5 = S =y
a Q) a Q)
L T
T > » L > >
Time Time Time Time
C
a b

a o/ L
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Before we begin...

Okay, this is a bit trickier, so once more let's get to the bottom of what these graphs are
showing us by asking ourselves those key questions:

1. Look carefully at both axis to see what the variables are
Okay, sowe have height of water going up the y axis, and time going along the x axis

2. Look at the seale carefully so you can accurately read the graph
There 1s no scale, so this doesn't matter
MNote: This is also the reason why more than one glass can match to each graph!

3. Look at the gradient of the graph:
Okay, I am going to change the questions slightly here as this is the key to this problem:

What does a straight line mean?
The height of the water is changing by the same amount as time passes.. so the sides of the
glass must be straight!

What does a curved line mean?
Well, it depends on the shape of the curve, but generally a curved line means that the height
of the water is not changing by the same amount, so the sides of the glass must also be curved

4. Okay, like I say, this question is a lot trickier than the first, so have a go at it and then
have a look at my answers,

Try to picture that water dropping constantly into those glasses and what the height of the
water will be doing
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Answering the Question:

A

>

-

Height of water

Time

l]ft"f‘
L

H elqg h T0 f W(

>

Time
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Shape, Space
and Measure



1. Angle Facts

Three things you should Learn about Angle Facts:

1) What each of the facts say

Z) How to spot them

3) How to show you are using angle facts in your answers

And if you can do all these, then it's goodbye to another topic off our list!

Fact 1: Angles on a Straight Line

Fact: Angles on a straight line add up to 180°

Angles a + b = 180°
b /a

How to spot it Find any continuous straight line, with another straight line joining it or
cutting across it
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Fact 2: Angles around a Point

Fact: Angles around a point add up to 3609

W Anglea+b+c+d=360° I %

How to spot it If you have a collection of lines all crossing at one point, then it's fime to use
this rulel

Fact 3: Angles in a Triangle

Fact: The interior (inside) angles of a triangle add up to 1809

6\

\ b + ¢ = 180"
pa R e *} I %

How to spot it Find any type of triangle (equilateral, isosceles, right-angled, or scalene) and
all the angles inside will add up o 1809
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Fact 4: Angles in a Quadrilateral

Fact: Interior (inside) angles of a quadrilateral add up to 360°

a+b+c+d=3600

How to spot it Find any 4 sided shape (square, rectangle, trapezium, kite, etc.) and the
inside angles will add up to 360°

Fact 5: Opposite Angles

Fact: Opposite Angles are equal

How to spot if: Find two continuous straight lines crossing at a point, The pairs of angles
opposite each other will be equal
Note: Using Fact 2, all the angles around that point will add up to 360°
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A Quick Note on Parallel Lines

For these next 3 Angle Facts, you need to be comfortable with Parallel Lines..
Parallel lines are lines which never meet, and always keep a perfectly equal distance apart,

Remember: Only assume lines are parallel if they have those little arrows on them:

y
/
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Fact 6: Corresponding Angles

Fact: Corresponding Angles are equal

How to spot it Look for the F shape, the angles underneath the arms of the F are equal
MNote: The arms of the F must definitely be Parallel lines!

Fact 7: Alternate Angles

Fact: Alternate Angles are equal

-

/ o

-
| =T
|

How to spot it Look for the Z shape, the angles "inside” the Z are equal
MNote: The top and bottom of the £ must be Parallel Lines!

Return to contents page




Fact 8: Interior Angles

Fact: Interior Angles add up o 1807

How to spot if: Look for the € shape, the angles underneath the top and bottom of the C add
up to 180°
MNote: The top and bottom of the C must definitely be Parallel lines!

Tips for Answering Angle Questions

1. Always write down the name of each of the Angle Facts you have used to get your answer
(even If there are more than one)

2. Parallel Lines are only parallel if they have the |ittle arrows to say sol

3. If you have lots of labelled angles to find and you just don't know where to start,
sometimes it's a good idea to go in alphabetical order!

4. Often there are lots of different ways of working out the answer

Return to contents page




Example 1

Example 2

a=180- 56 = 124"

(Fact 1 - angles on a straight line)

b = 56°
(Fact 5 - opposite angles)

c=360-56-124-56=124"

(Fact 2 - angles around a point)

d=118"
(Fact 5 - opposite angles)

e =180- 118 = 62°

(Fact 1 - angles on a straight line)

f = 1189

(Fact 6 - corresponding angles)

g=180-118 = 620

(Fact 1 - angles on a straight line)
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Example 3

p
ya

/’51"\1

"\

o\

Example 4

p=51°

(Fact 6 - corresponding angles)

Towork out g:

e =180-51 =129° (Fact 1 - angles on a straight line)
e =180-51- 68 =61" (Fact 3 - angles in a triangle)
q =360-51-129-61=110°

(Fact 4 -angles in a quadrilateral)

r =180 - 106 - 35 = 300

(Fact 3 - angles in a triangle)

s =300

(Fact 6 - corresponding angles)

t=180- 30 = 1410

(Fact 8 - interior angles)
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2. Polygons w

One of Mr Barton's Top 10 Maths Jokes

What did the pirate (who was also a very keen mathematician) say when his parrot flew
aweay?.. "Poly-gonl®.. you can't beat a maths joke, hey?... anyway..

What are Polygons?

A Polygon is any closed shape which has three or more sides.

Reqular Polygons
All their sides are the same length, and all their angles are the same size
e.q. squares, equilateral triangles, reqular octagons..

Irreqular Polygons
You've quessed it.. these do not have equal length sides and angles
Rectangle, kites and trapeziums are an irreqular polygons, but so too are shapes like this:

P

Two types of Polygons that you must be especially clued up about are quadrilaterals and triangles
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1. Triangles

There are 4 types of triangles you need to be on the look-out for and you must know the
properties of (what is special about) each of them

* All angles are equal (6(° each)

Equilateral * All sides are the same length

* Three lines of symmetry

T | |
° Wo ang es are equa
Isosceles

* Two sides are the same length

o 1 o * One line of symmetry

* One angle is 90°
® All sides may be different lengths

Right Angled .
) i All angles may be different
® May have 0or 1 line of symmetry
° * All angles are different sizes
Scalene

* All sides are different lengths

* No lines of symmetry
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2. Quadrilaterals

A Quadrilateral is any four-sided shape. There are lots of quadrilaterals flying around, and it
Is important that you know the properties of each.. so here they arel

* All angles are right-angles (90° each)
Square

* All sides are the same length

o . .
Two pairs of parallel lines

* Four lines of symmetry

o .
Opposite angles are equal
Parallelogram

* Opposite sides are the same length

* Two pairs of parallel sides

~+-> ‘ May have no lines of symmetry

® All angles are right-angles (90° each)

* Opposite sides are the same length
Rectangle

® Opposite sides are parallel

®* Has two lines of symmetry
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* Opposite angles are equal

Rhombus * All sides are the same length

* Opposite sides are parallel

* Two lines of symmetry

>

MNotice: Each of the four shapes above are very similar.. in fact, they are all just special
types of parallelograms! See how they each have two pairs of parallel sides.. and then it just
certain other properties that make them different shapes!

* All angles may be different sizes

Trapezium * All sides may be different lengths

* Opposite sides are parallel

* May have no lines of symmetry

* One pair of equal angles

Kite * Adjacent sides are the same length

* No pairs of parallel sides

* One line of symmetry
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3. Other Polygons

As soon as you get above 4 sides, the names of the polygons start to get a bitweird, Here
are some of the main ones you should learn,

MNotice: Each of the shapes below are reqular polygons as all the sides and angles are the

same.. but any 8 sided shape is still an octagon, it may just be an irreqular onel
b sides 6 sides > . °
Pentagon Hexagon Heptagon / Heptagon Octagon
Nonagon Decagon Dodecagon Icosagon
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4. Interior Angles of Polygons
An interior angle is any angle inside the polygon

If we are told the number of sides a polygon has, we can work out the total sum of all the
interior angles using this little formula:

sum of all interior angles = (Number of sides of polygon — 2) x 180

Vil
Well, t's all to do with triangles..

We know that the sum of the interior angles of any triangle is
1809, right?
Well.. we can split any polygon up into triangles, like this..

And there will aways be 2 fewer triangles than there are sides!

b sides

4 triangles

For Regular Polygons

Because all angles are equal in reqular polygons, you can work out the size of each interior
angle like this:

Size of each interior angle = 5um of all interior angles =  Number of sides
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9. Exterior Angles of Polygons exterior

An exterior angl'e 15 an angle ouTside the polygon angle
made by extending one of the sides..

And here is the factl

Sum of all exterior angles = 360°

Yihy'?

Well, iIf you keep moving around the polygon, extending the sides and measuring each
exterior angle, by the time you get back to where you started you have made.. a circlel
Which, as we all know, contains 3607

For Regular Polygons
If all interior angles are equal for reqular polygons, then all exterior angles are equal oo,
so to work out the size of each one, we do this..

Size of each exterior angle = 360° + Number of sides

Mote: If you know the sizes of the exterior angles of a reqular polygon, then you can also

work out the sizes of the interiors by remembering that angles on a straight line add up fo
1800

Size of each interior angle = 180° — Size of each exterior angle
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6. Massive Table of Facts

Using the formulae we have talked about, it is possible to work out pretty much any angle fact
about any size polygon, Have a practice to make sure you can get the numbers in this table..

Nvm e f bhen £ Total Sum of Size of each Total Sum of Size of each
LIJ'T":L:'T Ej.lér:__t"w i Interior Interior Angle Exteriop Exterior Angle
atEask ZIees Angles it Reqular Angles it Reqular
Triangle 3 180 60 360 120
Quadrilateral 4 360 90 360 o0
Pentagon d 540 108 360 72
Hexagon 6 720 120 360 60
Heptagon 7 900 128.6 (1dp) 360 51.4 (1dp)
Octagon o 1080 135 360 45
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3. Circle Theorems

Parts of a Circle...

Before we start going through each of the circle theorems, it is important we know the
names for each part of the circle, as we will be using these terms in this section.

Circumference Major Arc
TN ///—\\_
P raduus
T ' Major Segment
angen
X dlometer

c\‘\o!‘é—-'—"

. Minor Segmenf/
chord .

\\__/’\

Minor Arc

Three things yvou should Learn about Circle Theoremes:
1) What each of the theorems say
¢) How to spot them

3) How to show you are using circle theorems in your answers
And if you can do all these, then that's a pretty tricky topic all sorted!
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Theorem 1: Angle at the Centre e

Fact: The angle at the centre is twice as big as /ST \,
the angle at the circumference made by the /
same arc or chord

How fo spot it Start with two points (could be \ /
the ends of a chord). If you go point-centre- K \\ /
point, the angle you make will be twice as big as
If you go point-circumference-point —

Theorem 2: Angles in a Semi-Circle

Fact: The angle made at the circumference in a
semi circle is a right angle (F0°) —

//

How to spot iT: Look for a triangle whose base is A \ \
the diameter of the circle (a line going through \ \ \
the centre). The angle at the circumference in :’ . \

this triangle will always be aright angle | 180° G\ \ J

MNote: This theorem is just a special case of \ Yo
Theorem 1, because the angle at the centre \\ /
when you have a straight line is 1809, so the ~~————

angle at the circumference must be half of this!
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Theorem 3: Angles in the Same Segment

Fact: Angles in the same seqment of a circle are
equal to each other

How to spot it Start with two points (could be
the ends of a chord). If you go point-
circumference-point, the angle you make will be
exactly the same as if you go point-
circumference-point.. so long as you stay in the
same segment of the circlel

Theorem 4: Cyclic Quadrilateral

Fact: The opposite angles in a cyclic
quadrilateral add up to 1809

How fo spot if: Look for a four-sided shape with
each of the corners on the circumference. The
opposite angles in this shape will always add up
to 1800

MNote: Just like any other quadrilateral, the sum
of all the interior angles is still 360°

e -

a + b =180°
c +d =180°
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Theorem $: Tangent

Fact: The angle made by a tangent and the
radius is a right-angle (907)

How to spot it A tangent is a straight line that
only touches a circle in one place, If you draw a
line from that one place to the centre of a
circle, then the angle you form is always a right-
angle!

Theorem 6: Alternate Segment Theorem

Fact: The angle between a tangent and a chord
at the point of contact is equal to the angle
made by that chord in the other segment of the
circle,

How to spot it Look for a tangent and a chord
meeting at the same point. The angle they make
Is exactly the same as the angle at the
circumference made by that chord - imagine the
chord is the base of a triangle, and the angle you
want is at the top of the trianglel
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Theorem 7: Two Tangents

Fact: From any point outside the circle, you can
only draw two tangents to the circle, and these
tangents will be equal in length,

How to spot iT: Look for where the tangents to a
circle meet. The lengths between where they
touch the circle and the point at which they
meet will alvays be the same

Note: More often than not, this theorem leads
to some isosceles triangles, so be on the look
outl

Tips for Answering Circle Questions

answer (even If there are more than one)

1. Always write down the name of each of the Circle Theorems you have used to get your

2. An angle is not a right-angle just because it looks like onel You must be able to prove it
using a circle theorem, or be told it in the question!

3. To be good at circle theorems, you also need to be good at your Angle Facts - for a
refresher, see |. Angle Facts before carrying on!

4. Often there are lots of different ways of working out the answer
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Example 1

)

Example 2

% =180-75-35 =700

(angles in atriangle)

y=00-70= 200

(Theorem £ - angles in a semi-circle)

N

=407

(Theorem 3 - angles in the same seqment)

b =180 - 90 - 40 = 500

(angles in a triangle)
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Example 3 a = 8g°

(Theorem 1 - angle at the centre)

To work out b
e =360- 116 = 244° (angles around a point)
b =360-244 - 25 - 88 = 3° (angles in a quadrilateral)

Note: Lots of people would just put 25° because it looks
like it.. but that would be a load of rubbish!

Example 4

m = (180 - 50} + 2 = 650

(Theorem 7 - two tangents, isosceles triangle)

n=65°

(Theorem 6 - alternate segment)
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Example 5 y = 340

(Theorem 6 - alternate segment)

x =180-36-24 =120°

(angles in a triangle)

z =180 - 120 = 609

(Theorem 4 - cyclic quadrilateral)
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4. Loci

What on earthis Loci?

* Loci is all about tracing the paths of points as they move following certain rules

* It has many real-life applications, especially for architects and builders who want to make sure
things go in the right place and they don't run out of room

* Note: If you are one of those people who doesn't like the number and algebra bits of maths,
then this could be the very topic for youl

What we are going to do in this section

* Instead of going through how to do things like draw angle-bisectors, I am going to pick out a
few of the classic type of Loci questions I have seen come up in exams in the past and take you
through, step-by-step, how o do each one.

NOTE: It is probably worth while reading through 2. Constructions before carrying on, as some
of the skills you need are explained in greater detail therel
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Example 1

My pet penguin has been tied up by a 10 metre rope to the corner of the shed as

shown below, Draw and shade the areawhich my penguin can move

Skills needed: drawing circles with compass

Hcale:

TcmE 2m
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Steps:

1. Firstly, we need to sort out our scale - every lem square is equal to 2metres in real
life - so the 10m rope our penquin is tied to is in fact.. Scms long!

2. Now, we want to see how far our penquin can go in all directions, So, we must draw
a circle with our compass (rodius Som) and with the centre at the point on the

shed where the penquin is tied.

Watch Out! But that's not the full story.. because walls of the shed prevent the
penguin from going quite as far upwards - he cannot walk through walls!

He can go along the side of the shed to point B, which is 3cms away, and once he has
reached this point, he can go another Zems in any direction,

3. S50..we must now set our compass again and draw a circle with radius Zem and
centre at point B,

4. We now have the areawhere the penguin can walk, sowe can shade it inl
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Scale:lcm = 2m

—

Return to contents page




Example 2

A farmer wants to lay awater pipe across his field so that it is equidistant from two
hedges. He also wants to connect a sprinkler in the exact centre of the pipe, that waters

the field for 40 metres in all directions.

Skills needed: bisecting angles and bisecting lines

(a) Show the position of the pipe
inside the field,

(b) Mark the point of connection
for the sprinkler,

(c) Show the area of the field that
Is watered by the sprinkler.
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(a) Show the position of the pipe
inside the field.

C Steps:

— 1. Firstly, we need to realise what
1D the question is asking.. the pipe
must always be the same
distance from line AB as line
AE.. well, the only way o do
that is to bisect the angle at Al

2. Place the pointy bit of your
compass at A and mark a point
on AE and AB

3. Now place your pointy bit on
each of these new points and
draw two arcs in the centre of
the shape

4. Mark a new point where these
two arcs cross

5. Draw a line that starts at A and
goes through this crossing point
and voilal.. There is your pipe!
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(b) Mark the point of connection
for the sprinkler.

/ |
B
\&
Y E-'j 9 ¢
£ o \ l?,--.f‘ Q 2
_:_LT—- 7

Steps:

1. Okay, so we have to find the
exact centre of the pipe. Now
It might be tempting to try to
do it with your ruler.. but that's
ho fun, and more importantly,
It's not accuratel Instead, we
must bisect the line

2. Place the pointy bit of your
compass at A draw an arc on
the right and an arc on the left

3. Place the pointy bit of the
compass at the other end of
the pipe and do the same.

4. Mark two points where these
arcs cross

5. Draw a line through the two
crossing points and where it
hits the pipe is the exact
centrel
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(c) Show the area of the field that
1s watered by the sprinkler.

C Steps:
1. Firstwe must check our scale..
\ﬂ%a D lem = 20m, and we want 1o
water 40m.. so that is Zcm on
our drawing!

2. The water can travel Zcm in all
directions, so we must draw a
circle

3. Place the pointy bit of the

compass at the centre of the
TN pipe and draw a circle with
radius 2cm

®

4. Shade in the circle and you are
done!

Scale:1cm = 20m
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5. Area

=%

A Quick Word about Area

* Working out the areas of shapes is easy.. so long as you remember the formulas!
* Sometimes you will be given them in exams, but more often they need to be fixed in your head!

NEVER FORGET every time you work out an area, give your answer as SQUARED UNITS

e.q. mé, cm?, km2, mmé etc

The Importance of Perpendicular Height

* Asyouwill see, most of the formulas for area involve
multiplying the base of the shape by it's height.. but it's
not just any old height!

* The height must be perpendicular to the basel

* What? All that means is that the height you measure
must be at right angles (F0%) to the base

* So.. if The base is horizontal (flat), then the height
youwant is vertical (straight up), not any slanted height
that they may give you in the question to try and trip you

up!

rubhbish
Pergendicular
heigl

hase

rubV

/ Perpendicular
hd height
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1. Rectangle 2. Triangle

- b ’
X A
. Area =
h 2
+ e
b
¥
Area= b X h D "
What to do: Multiply the base What to do: Multiply the base by the
by the height! (perpendicular) height and remember to
divide your answer by !
Example Example
o o 10 x 12
. Area = 5
Area= O % 3
= 60me
9 cm = 27 eme 15 m
12 m
v
10 m
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3. Parallelogram 4. Trapezium

+ q >
t s
n /
h
? +
. ! / Area = (P q) X h
- > - . 2
b p
Area= H x h What to do: Add together the lengths of your

two parallel sides and divide the answer by 2.
What to do: Multiply the base by the This gives you the average length of your base.

perpendicular height.. definitely not the Then multiply this by the vertical height!
slanted height!

Example Example o (2.8 + 4.2) « 8
B mm 2
= 3.5 x 8
12 mm
2¢m = 28cm?
fran = 5 v 10 2.8c1n

= 50mm?®
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v
“ >

b
Area= b x h

What to do: The base and height in akite
are just the two diagonals from point to
point .. so multiply them together!

Example

6. Circle

2
Area= T X F

What to do: Find the radius of your circle (if
you are given the diameter, just halve itl).
Square the radius, and multiply your answer by

pil

Example

Diameter = 12.6 m

Radius = 6.3 m

_,2
Area= T X 0.3

= 7z X 39.69

= 1247 m? {1dp)
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Compound Area

* Sometimes you are given quite complicated shapes and asked to work out the area.

* The technique here is to split them up into some of the & shapes you know how to work out the
area of and just add together your answers!

* Try to be as clear as you can in your working to keep Mr Examiner happy!

7mm
I have chosen to split this shape up into a rectangle and a
@ [ mm trapezium. It is also possible to split it up into rectangles
and triangles. It is completely up to youl
@ 12 mm @ Rectangle
Area= b x b

Area= 7 x 11 = 7immé

162mme

Total Area

77+ 162

= 239 mme
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Surface Area

* I think of surface area as the exact amount of wrapping paper you would need to wrap up a 3D
shape.

* People get themselves into a right muddle with surface area questions, mostly because they do
hot set them out properly and they end up forgetting sides or counting some twicel

* Allyou need to do is think about what flat 2D shape is on each side of your 3D object, work
out I1ts area, and tick off that sidel

® It's just like compound area, only it gets you loads more marks!

@ Okay, so once again I am gqoing to number each side, decide

what shape it is, work out it's area, and then move onto the
next!

RO _ ‘ @ Triangle
. P b x h
+ S 2 cm

8 em % Area = © ; : * *
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@ Rectangle @ Rectangle

Area= b x A Area= b X 1
Area= 2 x 10 = 20cme Area= 2 x 6 = l2cm?®
"/ Rectangle @ Triangle
Exact same shape as @
Area= b x h
Area= 8 x 2 = lbeme Area = 24cm?
Total Area

TS
24+ 20+ 12 + 16 + 24 *@

= 96 cm?
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ﬁ 6. Yolume

The Beauty of the Prism

Good News: 5o long as you know what a prism is, and you remember how to work out the areas of
those 6 shapes we talked about in the last section (5. Area), you can do pretty much any volume
question without needing any more formulasl.. But remember your answers are UNITS CUBED!

VWhat is a Prism?

A Prism is a 3D object whose face is the exact same shape throughout the object.

A birthday cake is the shape of aprism if it is possible to cut it in such away to give everyone
the exact same size piecel

prism

hot a prism

hot a prism hot a prism
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Working out the Volume of a Prism

50 long as you can work ouf the area of the repeating face of the prism, the formula for the
volume is the same for every single one:

Volume of a Prism = Area of Repeating Face x  Length

Example 1 — Cuboid

Area of Repeating Face

Rectangle
Area= b x B
'Y
Areaq = 8 % 5 = 40C|"|"|2
hem
v
o Volume of Prism @
cm
40 x 4

A_P

= 160em3 n
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Example 2 - Triangular Based Prism

Area of Repeating Face

A
Triangle
X
I Area = b /
2
v B m
-+ >
6 m Areaq = 6 x 11
2
_ 2
Vaolume of Prism 23m
33 x 5
= 165m?3

MNote: Don't think you must use every measurement they give you, The 15m turned out to be
pretty useless to usl
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Example 3 - Cylinder

‘3mm .

Area of Repeating Face

Circle

2
6.2 mim Area= T X 7§

Area= T X 3

= 28.274. mme
4

28.274... x 6.2 J

MNote: Keep this value in your

= 175.3mm?3 (1dp) calculator and use it fo.r' the next sum,
' It keeps your answer nice and

accurate!

Vaolume of Prism

MNote: Sometimes "length” can mean "height” when you are working out the volume of the
prism. It just depends which way the repeating face is facing!
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Example 4 — Complicated Prism Note: This is still a prism as the front face
repeats throughout the object!

Area of Repeating Face

This time 1t's a bit more complicated as we cannot work
out the area of the face in one go. We must firstwork out
the area of the complete rectangle, and then SUBTRACT
the area of the missing circle to get our answer!

Rectangle Circle

Area= b x A Area= T X }"2

Area = 7 x 8
= 35m®

Area = T X 1.52

= & X 2.25
Area of Repeating Face = 35 - 7.065..
= 27.931.

= 7.068.. m¢

Vaolume of Prism

MNote: Try to avoid rounding in your working
27931 x 3 out by keeping the big numbers in the

|
= 83.8m3 (1dp) calculator, and then only round at the end!
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Working out the Yolume of Pointy Shapes

Obviously, not all 3D shapes have a repeating face, Some shapes start off with a flat face and
end up at a point, The technical name I have given to these shapes is.. Pointy Shapes!

-

- - -~
-

-

More Good News: Just like prisms, there is a general rule for working out the volume of all
shapes like these:

Volume of a Pointy Shape = AreaofFace x  Length
3
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Example 4 - Cone

B0 m

aom | [FACE

Yolume of Pointy Shape

25,446.9... x 50
3

= 424 115 m? (nearest whole number)

Area of Face

Circle

2
Area= T X F

Area = T X 902

= £ x 8100

= 25,446.9.. me

Diameter = 180m

Radius = 0 m

4

accurate!

MNote: Keep this value inyour
calculator and use it for the next sum.
It keeps your answer nice and
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Example $ — Sphere

Spheres do not have a repeating face, and they do not end in a pointy bit, so they have arule
all to themselves, and here it is..

Volume of a Sphere = g ?3'?‘3

Volume of Sphere

4
— % 7 x 120°

3

4
= 5 % 7 x 1,728,000

* g = 7,238,229 fm’

12 km
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{. Dimensions

What are Dimensions?

You may have heard people taking about dimensions in terms of objects:

One Dimension (1D)
Objects have justa LENGTH

Units of measurement include:
cm, mm, km, m, mile, etc

Two Dimensions (2D)

Objects have an AREA

Units of measurement include:
cm?, mmZ, kmé, mé, etc

Three Dimensions (3D)

Objects have a VOLUME

Units of measurement include:
cm®, mm2, km3, m3, etc

Four Dimensions (4D)
Objects exist in different times!

Fortunately we don't need to worry about this!
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The advantage of knowing this is that when we are given a formula, we can tell whether it is
one for LENGTH, AREA, VOLUME, or just a load of rubbishl

Using Dimensions to Discover what Formulas are actually Working Out

Again, this is just my way of doing this, and feel free to bin it if you have a better onel
1. Change all the variables in the formula to the letter D

Note: Variables are just letters that represent lengths, widths and heights

2. Ignore all numbers (apart from powers!) and constants

MNote: If aletter represents a constant instead of a variable, it will well you in the question
Remember: pi () 15 just a number!

3. You should now be left with an expression just containing D's, which you can use your algebra
skills to simplify

Crucial: When you are simplifying, DO NOT cancel anything outl You'll see why in the examples!

4. Look at what you are leftwith, If the formula only contains...

O - thisisa formula for length

B2 - this is a formula for area

BF - this is a formula for volume
Any combination - this formula is rubbish!
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Examples

In all the following examples, |, w and h are variables representing lengths, and k 1s a
constant

Determine whether these formulas calculate length, area, volume or nothing

1. | Swh

1. Okay, so our variables are w and h, and they become D 5DD

2. Let's get rid of our number D D

3. We only have D's left in our expression, so it's looking good! Now,

let's use our algebra skills to simplify, remembering that in algebra D2
the multiplication sign is disquised!

4. We are left with: D2

Which means this is a formula for.. AREA
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2. | Th{l—w)+ 2w’

1. Okay, so our variables are w. | and h, and they become D 7D(D — D) + 2D2

2. Let's get rid of our numbers D(D — D) + D2

3. Now it's time to simplify.. but be carefull It's fine to expand our 2 g, g
brackets, but do not cancel anything out! D=-D"+D

4. We are left with a formula that just contains: D2

Which means this is a formula for.. AREA
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1 2 _
s /3h(lh aw—h?)

1. Okay, so our variables are w. | and h, and they become D

2. Let's get rid of our numbers.. remember, pi () is just a number,
and so are fractions!

3. Now it's time to simplify.. but be carefull It's fine to expand our
brackets, but do not cancel anything out! I'm going to do this in two
stages!

4. We are left with a formula that contains a mixture of:

D2 and D3

Which means this formula is a load of rubbish

%D(DD+ zD— D%

D(DD+ D - D%

D(D*+ D—- D%
— D+ DI

(L
I~
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n Sh + 20w’ — hiw
6

1. Okay, so our variables are w, | and h, and they become D

2. Let's qet rid of our numbers..

3. Now it's time to simplify.. but be carefull We are definitely not
going to cancel anything out!

4. We are left with a formula that only contains: D3

Which means this formula is for volume

50 +2DD* — DDD

6

D’ + DD* - DDD

Return to contents page




5 kI + mhw?

8h!

1. Okay, so our variables are w. | and h, and they become D

2. Let's qet rid of our numbers.. and our constant Kl

3. Now it's time to simplify.. I'm going to simplify the terms on the
top and bottom first, and then divide the top by the bottom!

4. We are left with a formula that only contains: D

Which means this formula is for length

kD' +mDD"

80D

D’ + DD*
DD
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3. Constructions

What are Constructions?

* Constructions are what maths used fo be all about before computers came in and made life just
a bit too easy!

* The Ancient Greeks and the Eqyptians were fascinated by constructions, and their discoveries
form the basis of many of the important concepts in the shape and space branch of mathematics,

* Constructions rely on the use of just a compass and a ruler to do some pretty tricky and pretty
impressive things

* Twill cover some basic skills in this section, but you should also have a good read through <.
Locl, as that shows you some practical uses for these skills

* Note: If you are the type of person who just hates algebra, wishes fractions were never

invented, and would not care if they did not see another percentage for the rest of their lives,
then this type of maths might be just for youl
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1. Drawing a Triangle Given 3 Sides

Construct the triangle PQR with sides: PQQ = 18cm, PR = 10cm and QR = 14¢cm

1. Select the longest side as your base, and carefully draw a horizontal line 18cm long, labelling the

ends P and @

PQ OQ

18cm

2. Set your compass to 10cm, place the pointy bit at P, and draw an arc:

P e *Q

9cm
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3. Now set your compass to 14cm, place the pointy bit at @ and draw and arc:

18¢m
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4. Label the point where these two arcs meet R, join up your lines, and check with a ruler that you
have got your measurements correct!

18cm

NOTE: Never rub out your construction lines!

NOTE: If you wanted to construct an Equilateral Triangle, then whatever length you choose for
your base, just make sure you set your compass to the exact same length for both of your ares!
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2. Drawing a Perpendicular Bisector

What does that mean?
Perpendicular: At right angles (90P)
Bizector: Chop in half

So.. if we are given a line to start with, we want a line that chops it in half at right

Construct a perpendicular bisector to the line PQ

P Q
‘)w
Ty,
1. Set your compass to over half the length L:L:i o
of the line. Place the pointy bit of the P Q

compass at P and draw an arc above and
below the line:
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2. Making sure you keep your compass at
the exact same setting, place the pointy
bit at @ and draw two more arcs.,

R s
3. With your ruler, draw a straight line ’. = -
through the two points where the arcs P .
cross, and that is your perpendicular
bisector!

Note: Every point on this new line Is
the exact same distance from point P
as itis from point Ql
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3. Drawing an Angle Bisector

What does that mean?
Bizector: Chop in half

So.. if we are given an angle, we need to chop it in half.. without using an angle measurer!

Construct an angle bisector for the angle made by lines PQQ and PR

1. Place the pointy bit of your compass at P
and draw an arc which crosses lines PQ
and PR
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3. With your ruler, draw a straight line
from P through the intersection of the

arcs,

This is your angle bisector!

Note: Every point on this new line is
the exact same distance from line PQ

asitis from line PRI

2. Place the pointy bit of the compass at
both of the places where the arc hits

the lines and draw two arcs

Crucial: You must not change the setting of

the compass at this stage!
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9. Vectors

1. What are Vectors?

* Vectors are just a posh (and quite
convenient) way of describing how to get
from one point to another

* Starting from the tail of the vector,
the number on the top tells you how far
right/left to go, and the number on the
bottom tells your how far up/down

3

4

e b
A
4

' S

If this number is positive,

- you mave right, if it is

If this number is positive,

neqative, you move left

you move up, if it is
heqative, you move down

1 to the right, and 3 up

B to the right, and 2 down

3 to the left, and 2 down

0 to the right, and 3 up
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2. The Magnitude of Vectors

* By forming right-angled triangles and using Pythagoras' Theorem, it is possible to work out
the magnitude (size) of any vector

- 5 q® = 5% 4+ 2°
\\1 2l | ., N o= 52 +22
s 2=5.4 (1 dp)
a ) b =3 +4°
// 4 ° 4 b= 32 + 42
/] b=5
3

Note: Because you are squaring the numbers,
you do not need to worrying about negatives!
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3. Adding Vectors

* When you add two or more vectors together, you simply add the tops and add the bottoms
* The new vector you end up with is called the resultant vector

"y

/,;/

29 arb
\\
d Nl c+d

s
s

3
3

a

a+b

c+d

your negatives!

Watch Out! Remember to be careful with

b (4
1
3 4 7
e —

3 1 4

d (=2

4

5N (=2Y (-7

e —
2 4 6
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4. Subtracting Vectors

® The negative of a vector goes in the exact opposite direction, which changes the signs of the
humbers on the top and the bottom (see below)

* One way to think about subtracting vectors is to simply add the negative of the vector!

\ a 4 -a _4
2
N

afe
o

T ‘/p

p + (-9

2 -3 -1
e —

[4] -2 2
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9. Multiplying VYectors

* The only thing you need to remember when multiplying vectors is that you multiply both the
top and the bottom of the vector!

% () =
sinrd L0 O

- ' o
- < 4r r ‘ I -4r -4 1 = %
g, 2 -8

L0
)

L0
—
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6. Linear Combinations of VYectors

* Using the skills we learnt when multiplying vectors, it is possible to calculate some pretty
complicated looking combinations of vectors

Example: If 4= (3] b= [—4] c = [—1] Calculate the following:

5

(a)da+3b+c¢ (a) 2a-5b-2c¢

SE) )G )

m

Watch Outl Remember to be so, so careful with your negatives!

() - () -3
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7. Vectors in Geometry

* A popular question asked by the lovely examiners is to give you a shape and ask you to
describe a route between two points using vectors,

* There is one absolutely crucial rule here.. you can only travel along a route of known vectors
Just because a line looks like 1T should be a certain vector, doesn't mean it is!

Example: Below is a reqular hexagon. Describe the routes given in terms of vectors a and b

a —>
A > B (iVFC
The best way to go here is straight across
b the middle, because we know each horizontal
line is justa
= O FC = 2a
.

%

(i) DA
E D Aqain, the middle is looking good here, but

remember we are qoing the opposite way to
our given vector, so we need the negative!
-

DA = =2b
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%
() EB

It would be nice to just nip across the
middle, but the problem is we do not know

what those vectors arel So.. we'll just have
to go the long way around, travelling along

routes we do know!

- = — — —
EE = EF + FO + OA + AB

=.p + a + b+ a

= 2a - 2b
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10. Transformations

Z5)

’

What are Transformations and What do you need to be able to do?

* Transformations are specific ways of moving objects, usually around a co-ordinate grid

* There are 4 types of transformations you need to be clued up on, and for each one you must

- Be able to carry out a transformation yourself
- Beable to describe a tfransformation giving all the required information

1. Translation

A Translation is a movement in a straight line, described by a movement right/left, followed by

a movement up/down

Describing Translations

You must give the vector which
describes the translation

3

4

~ you move right, if it is

If this number is positive,

neqative, you move left

| If this number is positive,

you move up, it it is
negative, you move down
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1Y
| If we translate the blue object by the
“1 vectaon:
| 8 8 to the right
‘ L
1 - 5 5 Up
M
. ;) e B N B S BN B We end up with the green object
' D
4 2 1T 2 4« & 8 10
/s//
-/ Motice: If you pick any co-ordinate on the
“1 blue shape and translate it by the same
N vector, you end up with the matching corner
on the green shape
.8 o
81y
6 +
N | If we translate the blue object by the
N vecton: -
"N 5 to the right
FIFEPEFEEELGE NWENEEEE -3 5 down
2
We end up with the green object
4 -
R
.8 4
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2. Reflection

Reflecting an object across a line produces an exact replica (mirror image) of that object on
the other side of the line.

This new shape is called the Image

Describing Reflections

You must give either the equation of the line of reflection (mirror line) or draw the line on
the grid.
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ra.

If we reflect the blue object in the red line
(equation: x = 2), we end up with the purple

object

MNotice: Every point on the purple object
(the image) is the exact same distance from
the line of reflection as the matching point
on the blue object

It we reflect the blue object in the red line
(equation: v = %), we end up with the purple
object

Motice: I find it much harder to reflect
when the mirror line is diagonal, but notice
how every point on the image is still the
same distance away from the mirror line as
the matching point on the original object,
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3. Rotation

Rotating an object simply means turning the whole shape around a fixed point by a certain
humber of degrees and in a certain direction!

Remember: If you a like Mr Barton and
you can't do these inyour head, then all
you need to do is:

- trace around the object

- place your pencil at the centre of
rotation (the fixed point)
- turn the tracing paper around >

- draw your rotated object! {

Describing Rotations

Warning: People always forget to give all the information here and lose loads of easy marks!

You must give all of the following:

1. The centre of rotation (give as a co-ordinate if you can) @
2. The direction of the rotation (clockwise aor anti-clockwise) 5L 1
3. The angle of the rotation (usually either @09, 1809 or 270°) ;;
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N

N

e N
we @

U
N

To describe the rotation from the blue
object to the purple object, we would say:

1. Centre of Rotation: (0, 0) - the arigin
2. Direction of Rotation: Clockwise

3. Angle of Rotation: 90F

MNotice: If you wanted to be clever, you
could also say it wos an anti-clockwise 27 0P
rotation!

To describe the rotation from the blue
object to the purple object, we would say:

1. Centre of Rotation: (2, 1)
2. Direction of Rotation: Clockwize

3. Angle of Rotation: 180F

MNotice: Whenever the angle of rotation is
180P, it doesn't matter whether you go
clockwise or anti-clockwisel
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4. Enlargement

Enlargement is the only one of the four transformations which changes the size of the object

Key Point: Enlargements can make objects bigger as well as smaller!
Each length is increased or decreased by the same scale factor

(a) Scale Factor = 3
(b) Scale Factar =4

And going from big to small..
(a) Scale Factor = %
(b) Scale Factor = %

Describing Enlargements

To fully describe an enlargement, you must give:

1. The centre of enlargement (give as a co-ordinate if you can)

2. The scale factor of the enlargement

a)

b)
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To describe the enlarqement from the blue
object to the purple object, we would say:

1. Centre of Enlargement: (-8, -6)

2. Scale Factor of Enlargement: 2

MNotice:

(1) To find the centre of enlargement you must
draw line through matching points on both
objects and see where they cross

(2) Each point on the purple object if twice as
far away from the centre of enlarqement
than the matching point on the blue!

To describe the enlargement from the blue object
to the purple object, we would say:

1. Centre of Enlargement: (-6, 5)
1
2. Scale Factor of Enlargement: %

MNotice:

(1) The object has gone smaller, so it must be a
fractional scale factorl

(2) Each point on the purple object if one-third as
far away from the centre of enlargement than
the matching point on the bluel
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11. Similarity and Congruency

1. If two shapes are Congruent, what does that mean?

When mathematicians say that two shapes are congruent, it is just a posh, complicated way of
saying that those shapes are IDENTTICAL

They may have been flipped upside down and rotated around, but they are still exactly the

same shape and the same size
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2. Congruent Triangles

Because triangles only have three sides, and we know that all their interior angles must add up

to 180°, we don't actually need to know every single piece of information about two triangles
to be able to say that they are congruent (identical).

There are 4 sefs of criferia, and if a pair of triangles match any of these, then we can say for
definite that they are the exact same triangle, and so they are congruent!

1. Three Sides equal (555)

——
—
———

wl .
LI

The lengths of all three sides are given in the question, and they are the same for both triongles
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2. Two Sides and the included Angle equal (SAS) ; ;

Two sides are the same length, and the angle in between those two sides is the same sizel

3. Two Angles and a corresponding Side equal (AAS)

Two angles are equal, and so too is a side in the same position relative to those two angles!

4. Right angle, Hypotenuse and Side (RHS)

The triangle has a right angle, and you know the length of the hypotenuse and another sidel
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3. Examples

When answering questions on congruent triangles, you must quote one of the above four
conditions if you believe a pair of triangles to be congruent:

4cm

These two
triangles are

8 cm congruent
because of A4S

13 cm

5Cm
5Cm

12 cm

These two
triangles are

congruent
because of RHS
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4. If two shapes are Similar, what does that mean?

* Unfortunately, when mathematicians says that two objects are similar, they do not mean
that they look a bit a like

* They mean that one object is an enlargement of the other

o 2
& W 1A

* Technically, to get from one object to the other you must multiply (or divide) every single
length by the same number

* Just like when we dealt with Enlargement, this number is called the Scale Factor!
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9. Using Length Scale Factors

If we are told that two object are similar, and we canwork out the scale factor, then it is

possible to work out a lot of unknown information about both objects

Example - These three shapes are similar. Find the missing values

18 cm

pcm

4 cm qcm

48 c¢m

A | 16em

To Find p:

Okay, =0 we know the

shapes are similar, so let's
work out the scale factor

between rectangles A and B:

48 + 16 = 3

So, we must enlarge every
length on Rectangle A by a

scale factor of 3 to get the
lengths of Rectangle B.

So, our missing length must

be:

4 x 3 = 12c¢m

ToFind g

Okay, =0 now let's

So now we have oup

work out how to get I8 + 4 = 4.5  scale factor, it's dead 16 x 4.5 = 72cm

easy to work out our

from Rectangle A to
missing length:

Rectangle €
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6. Similar Triangles

For any other shape to be similar, all angles must be the same and all matching sides must be in
proportion

But.. because triangles are funny, all you need for similarity between two triangles is for all
three angles to be the same. Then you can be sure one triangle is an enlargement of the other

Example Part (a)
(a) How do you know these two triangles are similar? Two triangles are similar if all

their angles are the same..

(b) Find the unknown lengths well... if you work out the

missing angle in the yellow
triangle it is 25, and the missing
angle in the green triongle is..
35-

So.. all the angles are the same,
so the triangles are similar!

And because they are similar, we
can work out the scale factor,
using our matching sides between

the 1207 and the 35°..
To Find X ToFindY

3.4 x 3 = 10.2cm 6.3 ~ 3 = 2.1cm 75 +25 =23

So, to get from one triangle to

the other, we either multiply or
divide by 3!

Return to contents page




7. Area and VYolume Factors

It is also possible for 3D shapes to be similar,

If we canwork out the scale factor between their lengths of sides, we can also say that:
Area Factor = Scale Factor?
Volume Factor = Scale Factor®

COkay, before we can do anything
we need to work out the length
zcale factor in exactly the same
way o5 we always do

TN Q 60 + 40 = 1.5

Example - These two containers are similar, Work out
the volume of water the smaller one can hold

~— T
So, if our length scale factor = 1.6
? 40 cm 20.25 60 cm _
l T - Volume Scale Factor = 1.6% = 3.375
p/ So now we know how to qet from

v the big container to the small

container. so we can work out its

volume:

20.25 + 3.375 = 6 litres
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What is Pythagoras’ Theorem?

* Pythagoras' Theorem is probably the most famous theorem in the history of mathematics

* Itwas "invented" by a Greek named Pythagoras (or one of his loyal followers who alvays
marked any of their discoveries with the Pythagoras brand) somewhere around 6BC

* Pythagoras discovered a very important relationship between the lengths of sides in a right-
angled triangles:

"If you take the lengths of the two shortest sides of any right-angled triangle, square them and
add the answers together, you end up with the square of the longest side (the hypotenuse)”

Return to contents page




2. What is the Hyp otenuse?

* Inorder to use Pythagoras' Theorem (or all the trig that is coming around the cornerl), you
must be an expert at finding the Hypotenuse of any right angled triangle

* The Hypotenuse is the longest side of the right-angled triangle, and it is the side opposite
the right-anglel

hypotenuse

/

hypotenuse

/

hypotenuse

/

3. The two forms of Pythagoras’ Theorem

* Pythagoras' Theorem can be written in two ways depending on whether vou want to find the
length of the hypotenuse of a triangle, or one of the other sides,

* The two ways are just different arrangements of the same original formula, so if you are good
at formula re-arranging, then you only need to remember onel
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4. Finding the Hypotenuse

1. Label the Hypotenuse ¢, and the other sidesa and b

2. Use the following formulae:

c: =q* +h°

3. Replace the letters with the numbers you have been given, and carefully do the sum!
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9. Finding a side that isn’t the Hypotenuse

1. Label the Hypotenuse ¢, label the side you want to find a, and the other side

2. Use the following formulae:

3. Replace the letters with the numbers you have been given, and carefully do the sum!

MNote: As I mentioned before, this version of the formula is just a different arrangement of:

2 3 . 29
c=a’ +5b

Just subtract ©2 from both sides and you should see what I mean!
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Examples

1.

Okay, so the side we want to find is the
Hypotenuse, so let's go through our routine:

1. Label the sides
2. UJse the formula: 6‘2 = 6:2 +.-iE:'2

3. Put in the numbers:

QCm

11¢cm

: c? =92 4+11°
c? =81+121
02 =202 Square root
— both sides!
c=4+f202

c=14.2cm (1dp)

MNote: Our answer is longer than both our other sides.. which is good because the
hypotenuse is supposed to be the longest sidel
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Okay, so the side we want to find is NOT the
Hypotenuse, so let's go through our routine:

1. Label the sides
2. Use the formula: a2 = —D

3. Put in the numbers:

a®=10.2° —3.12
a*=104.04*-9.61°
Square root

CZ2 =94.43 | both sides!

-
-

,_/

a=+94.43 =

a=9.72m (2dp)

MNote: Our answer is shorter than our hypotenuse.. which is good because the
hypotenuse is supposed to be the longest sidel
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3. | | AB5m ladder rests against the side of a house. The foot of the ladder is 1.5m away

from the house. How far up the side of the house does the ladder reach?

At first glance this question does not appear to have anything to do with Pythagoras,
but in these sort of situations, always follow this advice: IF IT'S TRICKY, DRAW A
PICCYIL. and then look what we havel

It's just aright angled triangle and we want to
find a side that is NOT the Hypotenuse, so
let's go through our routine:

1. Label the sides

? 2. Use the formula: a2 =02—..f:'2
a 3. Put in the numbers:
a* =5 -1.57
1.5 m
b a’ =25 -2.25%

Square root

622 =22.73 _—"| both sides!

a=4.77m (2dp)
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4. Find the distance between these two co-ordinates: (4, 5) and (-2, 1)

Again, at first glance this question does not appear to have anything to do with
Pythagoras, but if we do a quick sketch of our co-ordinates, then look what we have!

4
@.9) | |
It's just aright angled triangle and we want to
o find the Hypotenuse, so let's go through our
e | routine:
‘a 4
(-2. 1) : 1. Label the sides
i . ----0 2 _ 2, .2
k o 2. Use the formula: < =@ +5
> 3. Put in the numbers:
c? =42 +7°
To work out the 4
lengths of the sides, c“=164+49
we just count how many Sauare root
squares would be in ,5'2 =65 - boq’lrJh f,sidrgs'-!
between on a co- _—
ordinate grid! o= }65 “

c=8.1 (1dp)
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1. The Crucial Point about Sin, Cos and Tan

Just like Pythagoras Theorem, all the work we will be doing with Sin, Cos and Tan only works

with RIGHT-ANGLED TRIANGLES

So.. 1f you don't have a right-angled triangle, you might just have to add a line or two to make

onel

2. Checking your Calculator is in the Correct Mode

Every now and again calculators have a tendency to do stupid things, one of which is slipping into
the wrong mode for sin, cos and tan questions, giving you a load of dodgy answers even though

vou might be doing everything perfectly correctly!

Here is the check: Work out: sin 30

"
. »
»
re
-
. .
»
5 .
.
»
Al
} -
»

3

0 | =

2-9 8 BN,
SEaED
HAaE N

”
o

B8 83 an'e-nas

- .

w! o
| xS o>

- d'¢
m
g =3

A |
=B

¥ e
| 4 BB S
PARSENN SO

Lo L
N .

aa-B-N-h
Hill B

And if you get an answer of 0.5, you are good to gol
If not, you will need to change into degrees (DEG) mode,

Each calculator i1s different, but here's how to do this on
mine:

Moor MO0
L =

[
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3. Labelling the Sides of a Right-Angled Triangle

* Before you start frantically pressing buttons on your calculator, you must work out which one
of the trig ratios (sin, cos or tan) than you need, and to do this you must be able to label the

sides of your right-angled triangle correctly.

* This is the order to do it:
I. Hypotenuse (H) - the longest side, opposite the right-angle
2. Opposite (O) - the side directly opposite the angle you have been given / asked to work out

3. Adjacent (A) - the only side left]

O

Note: & is just the Greek letter Theta, and it is used for unknown angles,
just like < is often used for unknown lengths!
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4. The Two Ways of Solving Trigonometry Problems

Both methods start off the same:

1. Labelyour right-angled friangle

2. Tick which information (lengths of sides, sizes of angles) you have been given
3. Tick which information you have been asked to work out

4. Decide whether the question needs sin, cos or tan

The difference comes now, where you actually have to go on and get the answer,
Both of the following methods are perfectly fine, just choose the one that suits you bestl

(a) Use the Formulas and Re-arrange

If you are comfortable and confident re-arranging formulas, then this method is for youl
Just learn the following formulas:

Sine & = OFROSIE Losine & = Adjacent Tangent & = Opgosme
Hypotenuse Hypotenuse Adracent
| O A O
5in 8 = — Lo 8= — jan 8 = —
in = r y

Now just substitute in the two values you do know, and re-arrange the equation to find the
value you don't know!
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(b) Use the Formula Triangles
This is a clever little way of solving any trig problem.
Just make sure you can draw the following triangles from memory:

A qood way to remember these is to use the initials, reading from left to right:

S OH CAH T OA

And make up away of remembering them (a pneumonic, is the posh wordl). Now, I know a good
one about a horse, but it might be a bit too rude for this website..

Anyway, once you have decided whether you need sin, cos or tan, just put your thumb over the
thing (angle or side) you are trying to work out, and the triangle will magically tell you exactly

what you need to dol

Finding Opposite: Finding Hypotenuse:

" h
bos | @

— o0 =5inB x h - g + Cos B
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Examples
0 o
1. .
siné| h cos® h tan 8] a

al
| 500

9

12 ¢cm
Okay, here we go:
1. Label the sides o
2. Tick which information we have been given.. '®. !
which I reckon is the angle and the Adjacent
3. Tick which information we need.. which I
reckon is the Opposite side C A 12 em
4. Decide whether we need sin, cos or tan .. well, u
looking above, the only one that contains both O
and A is... Tanl! 6. And now we know how to do it!
5. Now we place our thumb over the o= TanB x a
thing we need to work out, which is the
Opposite: | R—

0] R 5] 9] [ X b (2] =

14.3 cm (1dp)
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/sine h\ cos h tan 8] a

Okay, here we go:

1. Label the sides 3.1m

2. Tick which information we have been given.. y A
which I reckon is the angle and the Adjacent

3. Tick which information we need.. which I
reckon is the Hypotenuse side

4. Decide whether we need sin, cos or tan .. well,
looking above, the only one that contains both A

and H is... Cosl 6. And now we know how to do it!

5. Now we place our thumb over the - 4 + Cos B
thing we need to work out, which is the h=a+ Cost

Hypotenuse: 5 ] et B (] leos] [[27] 6] [3][ =

cos . 345 m (Z2dp)
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sin®] h cos h tan 8] a

& mm

Okay, here we go:
1. Label the sides

2. Tick which information we have been given.. & Mm
which I reckon is the Hypotenuse and the Opposite

|

3. Tick which information we need.. which I reckon 6. Okay, be careful here:

Is the angle

4. Decide whether we need sin, cos or tan ... well, SinB= 0 + h

looking above, the only one that contains both O and

H is.. Sin! 6] =] [8 i | (==
5. Now we place our thumb over the SinB = 0740740740740, .

thing we need to work out, which is the

) But that's not the answer! We don't want to know what Sin
angle.. or Sin -

B is, we want to know what 8 is, so we must use "inverse
o sin" to leave us with just B on the left hand side:

® - G E= AT79° (2dp)
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10 cm

1. Label the sides

2. Tick which information we have been given..
which I reckon is the angle and the Opposite

3. Tick which information we need.. which I reckon
Is the Adjacent

4. Decide whether we need sin, cos or tan ... well,
looking back, the only one that contains both © and
A is.. Tan!

10 ¢cm

Now, we have a problem here.. we don't have a
right-angled triangle! But we can easily make one
appear from this isosceles triangle by adding a
vertical line down the centre, and then we can
carry on as normal..

6. And now we know how to do it!

a=0+ [ang

S (| s B

5. Now we place our thumb over the
thing we need to work out, which is the
Adjacent

3639702,

But that's not the answer! We've only worked out half of

° the base of the isosceles triangle! So we need to double
tan 6 . this to give us our true answer of:

.28 cm (2dp)
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3. 3D Trigonometry '-

The Secret to Solving 3D Trigonometry Problems \ L

* 3D Trigonometry is just the same as bog-standard, flat, normal frigonometry

* All we need are the skills we learnt in the last two sections:

* The only difference is that is a little bit harder to spot the right-angled triangles

* But once you spot them:
= Draw them out flat
= Labelyour sides
= Fill in the information that you do know
= Work out what you don't in the usual way!

* And if you can do that, then you will be able to tick another pretty tricky topic off yvour listl

Please Remember: You need a right-angled triangle to be able to use either Pythagoras or Sin,
Cos and Tan.. and I pramise that will be the last time I say it!
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Example 1

The diagram below shows a record breaking wedge of Cheddar Cheese inwhich rectangle PQIRS
is perpendicular (at 90° fo) fo rectangle RSTU. The distances are shown on the diagram.

Calculate: (a) The distance T (b) The angle QTR

P
> Q
25 m
T R
49m 78m
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VWorking out the answer (a):

The first thing we need to figure out is what we are actually trying to work out!
We need the line QT: P

Now, as I said, the key to this is spotting the right-angled triangles..
Well, I can see anice one: TQR,

That contains the length we want, and we already know how long (R is..

50 now all we need to do is work out length TR..
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Working Out TH:

P
Okay, If you look carefully, you
should be able to see aright-angled
triangle on the base of this wedge of Q)
cheese
It's the triangle TRL: 2om
R
49m fam
U
R Well, we have two sides and we want to
U F8m 1 work out the Hypotenuse.. This looks

like a job for Pythagoras!
c* =4.9°+7.8

1. Label the sides
o2 =24.01+60.84

2 2 ) 2
2. Use the formula: ¢ =@~ + 250

52 =84.85 3. Put in the numbers:
o= /84.85
c=9.211..m
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Working Qut TQ:

Okay, so now we have all we need to
be able to calculate T,

Just make sure you draw the correct
right-angled triangle!

Q
€ 2
/ IE
T 9.21.. ma R Once again, we have two sides and we
want to work out the Hypotenuse.. This
. , |
22991 249 52 looks like a job for Pythagoras!
1. Label the sides
Cz =84.85+6.25 9 9 y
: 2. Use the formula: ¢ =& + 0
c”=91.1 3. Put in the numbers:
c=4/91.1

c=9.54m (2dp)
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Working out the answer (b):

Again, we must be sure we know
what angle the question wants us

to find!

I have marked angle (3TR on the

diagram

50 now we draw our right-angled

To calculate the size on an angle, we must
use either sin, cos or tan, which means first
we must label our sides!

MNow, because we actually know all three
lengths, we can choose! I'm going for tan!

triangle:
Q
954 m O
25m
- g
T 921 m 4 R
TanB= 0+ a
) iz VoWl bogm| mQes| [l R s s
Tan8 =027144. .
= 15.29(1dp)
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Example 2

The diagram below shows a plan of atent that I am trying to erect before the rain comes, OF
15 a vertical pole, and O is at the very centre of the rectangle (QRST. The lengths and angles
are as shown on the diagram. Calculate the height of the vertical pole OF,
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1. Working Out OT:

You should be able to see that if we can
work out OT, we will then have a right-
angled triangle which will give us QP!

So, to get started we need to use the
base of the rectangle:

Well, OT is half way along the line TR
line, so it must be.. 6.5m

P

H Q

12m b

ot = 544127
o =25+144
c* =169
c=~/169
c=13m

2 Working Out OF:

And now we have a right-angled triangle
where we know one length (TR), and we
know one angle (O TP).. so we can work

out any side using a bit of sin, cos or

tan!
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4. Sine and Cosine Rules '-

The Big Problem with Trigonometry k i

* As far as mathematical things go, Pythagoras, and the trio of Sin, Cos and Tan, were pretty
good.. weren't they?

* However, they had one major draw back..
They only worked for right-angled triangles! .

* That certainly limited their use. ﬂ

* Well, imagine If we had some rules which worked for.. wait for it.. any frianglel

* Well, you'll never guess what.. we dol... The Sine and Cosine Rules!

The Crucial Point about the Sine and Cosine Rules

You must know when to use each rule.. what information do you need to be given?

If you can get your head around that, then it's just plugging numbers into formulas!

MNote: In all the formulas, small letters represent sides, and Capital Letters represent Angles!
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1. The Sine Rule - Finding an unknown Side

What Information do you need to be given’
Two angles and the length of a side

N
| AN
What i1s the Formula? .
a ~.b
I . — . \
S5nA  Snb  SnC B A

Remember:

C
If you are given two angles, you can easily work out the 37 by remembering that angles in a
triangle add up to 1800

Example _a - _b
Sind  SinB
X 7.0
Sin37  Sin42
7.0 . | Multiply both
A = 537 sides by =in 3
Sina2 des by sin 27
X =6.3am (lap)
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2. The Sine Rule - Finding an unknown Angle

What Information do you need to be given?
Two lengths of sides and the angle NO T INCLUDED

(l.e. not between those two sidesl!) C\‘
AN
What is the Formula? N\
' 2 ‘ a \3
SinAd  SnB  S5nC ‘\\
3 b C R AN
Remember: C
If the angle is included, youwill have to use the Cosine Rulel
Example
SinA  SinB
~ 3 b
| Sinx  5in37
1lem \16cm —
S 16 11
A -~ 5in37
X o ‘3”7'\ =2 , Multiply both

Sinx =0.8753... - x =61.1" (1dp)
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3. The Cosine Rule - Finding an unknown Side

What Information do yvou need to be qiven?
Two sides of the triangle and the INCLUDED ANGLE
(l.e. the angle between the two sides!)

N\
N
What is the Formula? AN
a ~.b
\\\
ac = be + ¢¢ - 2bcCosA N
B AN
Remember: C
You must be pretty good on your calculator to get these ones correctl
Example
a® = be + ¢¢ - 2bcCosA
. S2m x¢=0.2:+49°-2x92x 4.9 x CosH8
. \ Qs/"/
“}\ /jﬁu x2=022+452-2x52x45 xCosH8
./ xZ = 22.48977..
\/

x = 4.74m (2dp) <~ pane ot
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4. The Cosine Rule - Finding an unknown Angle

What Information do you need to be given?

All three lengths of the triangle must be given!

What i1s the Formula?

CosA =

b +c*-a

2

2bc

Remember:

B

This is just are-arrangement of the previous formula, so you only need to remember onel

Example

_ 12¢m

\ 'H'*/
.

b +c*-a°
CosA =
2bc
. 9¢ +11° —-12¢
OSX =
2x9x11
58
Cosy =
OSX 108

Cosx =0.292929... —» x =7297°(2dp)
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A Nice Little Summary

Cosine Rule

a = b + ¢ - Zbeclos A

2 2 2
sa e =T _—

20

Sine Rule
3 _ b __C
Snd S8 SinC

9}34:9;38:%6
3 fa) c

Finding Sides Finding Angles
Cosine Bule Need 2 sides and Need all 3 sides
included angle
e Rul Need 2 angles Need 2 sides and an
Sine Rule and any side angle not included
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Data Handling
and Probability



Es | 1. Probability

Mr Barton's Favouritel

T'll come clean straight away... probability is my favourite maths topic. Sad, hey? I'm not too
good at drawing shapes or using a compass, but I'm pretty good at Probability, and I like it,
and hopefully after reading this section, you will Too!

What is Probability?...

* Probability is the likelihood or chance of something happening.

* And that something can be pretty much anything - from something boring like getting a
head when you toss a coin, To something much more interesting, like the probability of a
£300million space rocket returning safely from it’s mission.

* Weuse probabilities every single day in the decisions we make without even knowing it.

* The tools I am going to arm you with in this section will hopefully enable you to
understand and enjoy probability through to A Level and beyond.... that’s the plan, anyway.

The Lingo you need:

Experiment - now, This doesnT necessarily mean rats and men in lab coats, it just means
something is happening, and someone else is observing what happens

QOutcomes - these are all the different things that could happen in a probability experiment.
One question you must always ask yourself is: "is every outcome equally likely o happen?”

Event - this just means the particular outcome or outcomes we are interested in
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The most important maths formula you will ever learn... '
Here it comes...

P (event) = the number of ways the event could happen
the total number of possible equally likely outcomes

VWhat each hit means:

P (event) - this is just a quick way of writing: "the probability of an event happening”.
e.q. P (rain on Wednesday) means "the probability it will rain on Wednesday”

The number of ways the event could happen - you have to carefully count up all the different
ways there are of the event you are interested in actually occurring

The total number of possible equally likely outcomes - this is the hardest and most important
bit. ¥You must carefully count up all the total possible things that could happen, but you
must remember that they must all be equally likely!

And when you get your answer using the formula, it will be a fraction, and you should simplify
It you can!

And everything you need to know about probability comes from this formulal

Now, we will discover all the important probability concepts, using o Tew examples..
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Big Example 1

Imagine, for some reason, someone has put each of the 26 letters of the alphabet on
identical tiles ond chucked them in a bag. ThIS person then decides it would be fun to get you
to close your eves and pick Tiles out of This bag, You are not so sure, but you decide to give it

a go as it will be a good way of learning about probability.

Question 1: What is the probability of picking out a vowel?

The number of vowels

1 .
Well, let's use our formula: / in the bag: a. e, i, 0, u

Quick way of writing: P (vong) = i

"th bability of

piclfir?;z '-To-.:f:zlr 0 - 26 \ The number of equally likely things
that could happen: we could have

picked any of the 26 identical tiles!

Question 2: What is the probability of picking out a letter?

There are 26 letters in the

The answer might be obvious, but let's see why:
bag. and any will do for us!

Quick way of writing: p (f’e.ﬁfer) 2 =1
“th bability of
me probabl 1Ty © 26 There are 26 equally likely
picking o letter ] ot
outcomes

Rule I+ If something has a probability of 1, it is CERT AIN to happen

Return to contents page




Question 3: What is the probability of picking out a number?

There is nothing in the bag we

. ca 1 I
Agqain, it's easy, but look why it works! are interested in as there are
ho humbe rs!

Quick way of writing: P (number) — i =0

“the probability of 26 , _
L y The number of equally likely things

pleking a wowel \ that could happen: we could have

picked any of the 26 identical tiles!

Rule 2: If something has a probability of O, it is IMPOSSIBLE

Rule 3: All probabilities lie between O and 1, so if you find yourself with a negative
answer, or something like 2.4, then you have done something wronglll

Question 4: What is the probability of picking the letter A, given that your friend tells you the tile
in your hand is a vowel?

Mow, believe it or not, this question is bordering on being A Level, but our good old formula still

works!
/ There is only one letter A
Quick way of writing:

“the probability of | PA) = Seeing as our friend has told us

1
picking A" 5 i
| that our tile is a vowel, there are &
equally likely possibilities
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Big Example 2

Mr Barton is wondering what his Mum will have cooked him for tea. Going off past
experience, the probability of it being beans on toast is 0.6, sausage and mash is 0.25, steak
and chips is 0.1, and no food at all 1s 0.05

Question 1: What is the probability Mr Barton has beans on toast or sausage and mash ?

Mow there iz a key word in that question and it is OR. This means that Mr Barton can have either
beans on toast or sausage ond mash, it does not matter which occurs, @

So what do you think we need to do with the probabilities?:

P(beans OR sausage) =  P(beans) + P(saisage) .
A,
= 06 + 025 = 085 L0
MNow, events like this have a posh name - MUTUALLY EXCLUSIVE, All that means is that both

events cannot occur at the same time - Mr Barton can't have both beans on toast and sausage and
mash for tea.. unless he is really hungry.

Rule 4: To find the probability of something happening OR something else happening,
just add up your probabilities

Question 2: What is the probability Mr Barton actually gets his tea made?

Mow one way to do this is to add up all the possible food outcomes.. but there is a quicker way:
There is only one outcome that results in no food, and the probability of any of the four outcomes
occurring is 1 as it is certain that something will occur so:

P(food made) = 1 - P(no food)
= 1 - 0.05

0.95
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Question 3: What is the probability Mr Barton has beans on toast one night and the next?

Mow, to answer this question, we must first make an assumption: what Mr Barton has for tea one
night and the next night are INDEPENDENT of each other - in other words, the choice of last
hight's tea does not affect tonight's choice.

Mow, that may seem pretty unrealistic, but you will tend to find that a lot of probability questions
ask you to assume that two events are independent of each other.

Mow, again there is a very important word in the question that helps you spot this type - AND,

To work out the probability of something happening and something else happening you do not add up
the probabilities, as in this cose you would get an answer bigger than 1, which is rubbish, so you do
this..

P(beans AND beans) = P(beans) x P(beans) Z:MO—\
06 x 0.6 0.36

Rule 5 To find the probability of something happening AND something else happening,
just multiply your probabilities together!

Classic Mistakes

The most common mistake pupils make with probability question is they mix up Mutually
Exclusive and Independent events, and end up multiplying when they should be adding!

Learn to look for key words in questions:

Mutually Exclusive —  Key Words: On, Either —— -|—
Independent —  Key Words: And, Both, Together —— ><
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What do you make of this arqument..

1
If you toss two coins together, the probability of getting one head and one tail is: 5 because..

— One way you can get a
head and a tail

\ Three equally likely outcomes:

head-head, head-tail, or tail-tail

P (head and tail) =

1
3

Sounds convincing, doesn't it?... Until you think about it and realise it's ab=clute rubbizhl

1. There is not just "one way you can get a head and a tail".. there are two: head-tail and tail-head!
2. The three outcomes might be "equally likely", but there's one missing.. tail-head!

So where did we qo wrong?...

Well, when you have two experiments happening at the same time (like our two coins here), the safest
way to ensure you account of all the outcomes is to knock up a SAMPLE SPACE DIAGRAM..

Coin 1 So, we can now clearly see that there are 4 equally
likely outcomes, and so get our probabilities, we just
Head need to count up the number of outcomes we are
interested in:
: . 2 1
P (head and tadl) = — = —
= 2
) r l
P (head and head) = 7
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Big Example 3
I am feeling pretty bored so I decide to roll a pair of dice and each time subtract the
highest score from the lowest

Question 1: Draw a sample space diagram to show all the equally likely outcomes.

Classic opportunity to use a sample space diagram - two experiments, each with lots of equally likely
outcomes. Okay, so the outcomes from each dice go across the top and up the side, and the numbers
inthe middle come from subtracting the smallest number from the biggest.

Dice 1

Question 2: What is the probability of getting a
score of 0?

36 equally likely outcomes, how many are 02...

6
Plscoreoalf 1) = — =
( 7 0) v

Dice 2

1
6(:)
O ©°

(&=

Question 3: If you rolled the two dice 180 times, how many times would you expect to get a score of 1?

This is where we can use probabilities to help us predict results, x5
There are 36 equally likely outcomes, and 10 of them give us a score of L 10/\50
So. if we rolled the dice 36 times, we'd expect toget a score of 1on 10 occasions — =
So, What about if we rolled them 180 fimes?... 36 180
B0 times! —
x b
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2. Tree Diagrams ’-

What are Tree Diagrams, and when do you use them? k M
* Tree Diagrams are a very powerful tool in probability

They are a very convenient way of representing a whole load of complicated information,
which then allows you to answer some big mark questions without foo much trouble,

* Youtend to use tree diagrams to answer questions where there is more than one
experiment going on at once, and the outcomes are not all equally likely

BONUS: Tree Diagrams can be used to answer questions involving both independent and non-
iIndependent events,

The Two Ahsolutely Crucial Rules of Tree Diagrams

1. We MULTIPLY probabilities going ACROSS QB

2. We ADD probabilities going DOWN o< .

NOTE: And areally good way to check you have down everything right is to add up all the
probabilities are the end of your branches.. because you know that the sum of the
probabilities of all outcomes must add up to 1!
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Example 1

Sarah is bored - very bored - so she puts twelve coloured cubes in a bag. Five of the cubes
are red and 7 are blue, She decides i1t would be fun to remove a cube at random from the
bag and note the colour before replacing it. For even more fun she then chooses a second
cube at random. What is the probability she pulls out two beads of the same colour?

Okay, so what are the things we should be thinking about when we knock up a tree diagram?...

1. What are our two experiments so we con spilt up our tree diagram?..,

Well, what about Sarah's "first pick" and then "second pick"?

2. Do we know what the probability of picking a red cube is?... P(red) = i

Well, there are 12 cubes in the bag, and & of them are red, so..

3. How about a blue cube?.., P(blue) = i
Again, 7 blues out of the 12 in the bag, so..

4. On our second pick, do our probabilities change?...

Well, there is a crucial little phrase hidden in the question: "replacing it". Because Sarah pops the
bead back into the bag after each pick, whatever she gets on her first pick has no effect
whatsoever on what she gets on here second, so the probabilities remain the same,

If you want to be really fancy about this (and why notl), you could say that because Sarah replaces
the cubes, the events are INDEPENDENT of each other!
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X

First Pick Second Pick
i% red P{red and red) :—xi _ 9 Mote: I wouldn't
5 Ped< e 1z a4 bOT?GP Simpli‘:‘ying
. E 7 35 my Tractions here,
12 V. blue P{red and blue) "12 1~ 144 + as it makes the
adding up easier
5 5 35 when they have
- | = th
7 2 red Polemdred spx - Jenomingtor
12 blue > 7 49
5 blue P(blue and blue) '12 5144 v
144
Check: Qur probabilities add up —_— =
to 1, so it's looking qood! - 144

Question: What is the probability she gets two beads of the same colour?...
Well, the end of which braches give us that?
P(same colour)
= P(red and red) + P(bluz and bluz)
24 37

£ i Mow we can simplify ——»

c— + c— —
144 144 144 7
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Example &

For many years, Hannah and George have been locked in some pretty heated games of
Scrabble and Monopoly, The probability that Hannah wins at Scrabble is 0.7, and the
probability that George wins at Monopoly 1s 0.65, One rainy day they sit down for another
fierce battle. What is the probability George wins both games?

Okay, before we start, let's make sure we know what's going on here..,

1. What are our two experiments so we con spilt up our tree diagram?... /

Well, what about "Scrabble" and then "Monopoly"?

2. We know the probability Hannah wins at Scrabble iz 0.7, but what about George?..,
Well, either one wins, or the other (we assume no draws), so the two probabilities must add up to 1

So..

FP{F wins Scrabble) = 1 — P(H wins Scrabble) =1 - 07 = 0.3

3. And how about Hannah winning at Monopoly?...

It's a similar sort of thing..

FP{H wins Mon) = 1 — P(Gwins Mon) =1 - 065 = 035

4. On the second game, do our probabilities change?...

Well, because the question does not say so, we must assume that the probabilities stay the same, and
the results in Scrabble and Monopoly are INDEPENDENT,

You might argue that if Hannah wins at Scrabble, then George will be more determined to stuff her
friend at Monopoly, but the question is trying to moke life easy for us, so let's let it
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X

Scrabble onopoly

i
(-
ho
N
N

Win 07 x 035
Hannah
0.7 Win George

0.35 Hannah
0.7 x 065 = 0455
035

"Win' = 0.105 ¢ N\
3 win 03 x 035 = 0.105
— <
Win George

03 x 065 = 0195
- Win

1

Check: Qur probabilities add up /
to 1, so it's looking good!

Question: What is the probability George wins both games?
Well, we just follow the bottom branch..

P(George wins both) = 0.3 x 065 = 0.195
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Example 3

Sarah is bored again, so it's back to the bag of beads! However, this time she really decides
to spice things up. She still has 12 beads, but this time there are 5 red, 6 blue and | green,
Crazier still, when she picks one out this time, she decides not to put it backl What is the
probability that after two picks, Sarah has two beads that are The same colour?

Okay, this is a bit of a tricky one, so let's try and qet our heads around what is going on...

1. What are our two experiments so we can spilt up our tree diagram?..,

Well, I reckon it must be "first pick" and then "second pick"?

5
12

6
12

1

P(biug) = =

2. The probabilities on the first pick should be easy enough: P(red) = P(grea) =

3. It's on the second pick that things start qetting tricky.

Say Sarah picks a red out first, what is the probability of her picking a red out second?...
4
Well, there are now only 4 reds in the bag, and there are only 11 beads as welll P(red) = m
Whenever things are not replaced, you have to think very carefully about the probabilities on your
branches!

4. On the second pick, do our probabilities change?...

In short, no they don't! Again, there is a crucial phrase: "not to put it back". This means that
whatever happens on the first pick DOES affect the probabilities on the second pick, so these
events are.. DEPENDENTI
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X

-

First Pick Second Pick s 4 2
4 red P(r.-dandmi)-ﬁx-ﬁ-l-ﬁ

5 6 3

red blue #{red and blus) ﬁx!—l ™

2 Plred and 5 1 3
5 green red and green) ﬁ/ﬁ 5
red : ) o x> o

. Plbiue and red) = g5 43 = 123

- 6 5 130
12 blue blue P(bfwmdbbu)-ﬁ*l—-l.?j
Pblue and -m)'ﬁx:‘6
green S v B TR

1 5 5
l red P(grunandr.d)-ﬁxl—l-l—ﬁ
12
1 6 6
green blue Flween and Hus) = py =55
1 0 0

green Plgroen andgr.-.m)-ﬁxu « )

Check: Qur probabilities add up
to 1, s0 it's looking good!

Question: What is the probability she gets two beads of the same colour?..,

30
132

20

— + 0
132

Mote: a probability
of zero here
makes sense as
there is only 1

P(same colowur)= P(red and red) + Plblue and biue)+ P(green and green)

green!
v
50 25
132 66
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Thinking like a Tree Diagram

Sometimes you can answer a question by picturing a free diagram inyour head and imagining
the branches, without actually drawing one. This might just save you some precious minutes
In an exam...

Example 4

The probability I somehow find the energy to go to the gym on Monday 1s 0.3, If a miracle
happens and I do go to the gym on Monday, the probability I go again on Tuesday falls to 0.1,
If I don't go on Monday, the probability remains the same. What is the probability that:

(a) I gotothe gymon both days

(b) I goto the gym on just one day?

(a) Right, let's think about this.. I need to go on both days.. well the probability I go to the gym on
Monday is 0.2.. and if I go on Monday, the probability I dso go on Tuesday falls to 0.1.. so to find
the probability I go on both days I would travel along both branches of my tree diagram, so I

must MULTIPLY! P(gym Mon and Tues) = 03 x 0.1 = 0.03

(b) This is a bit trickier.. I only go to the qym on one day.. how could that happen?... Well, I could qo
on Monday, and then not go on Tuesday.. OR I could give Monday a miss, and then go Tuesdayl..,
So what would be the probabilities of those?...

P(gym Mon bt not Tues) = 0.3 x 0.9 = 027
P(no gym Mon bt go Tues) = 07 x 0.3 = 0.21

And these would be the ends of the branches, so to get 048
the probability of either happening, I need to ADD:  — ‘
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3. Averages and Measures of Spread JF

i

What are Averages and Measures of Spread, and why do we need them?

* Averages and Measures of Spread are two of the most important and useful concepts in
maths

* They allow us to look at a huge load of data and make some sense out of it, summarise if, and
compare 1t to other huge sets of data.

* Averages and Measures of Spread are used every single day, whether it be crowd attendance
at Old Trafford, viewing figures for Lost, or the salary of your average poor maths teacher,

The usefulness of the different types of Averages and Measures of Spread will be looked at in
The Big Cricket Example, so for now, let's learn how to work them out!

1. The Mean
Whenever most people talk about an average, this is the one they.. mean!

How to work out the Mean:
1. Add up all your data values
2. Divide this total by the number of data values

What about a little rhyme?:
I'm not really sure

What the MEAN 1s about
Just add them all up

And share them all out
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2. The Median
This is the one people tend to mess upl... Don't let it happen to youl

How to work out the Median:
1. Place allyour data values in ascending order (biggest to smallest)
2. The piece of data in tThe middle is your median

NOTE: If you have an EVEN number of data values, there will be TWO pieces of data in the
middle. No problem, just add them fogether and divide by two to find the number
halfway between them.. and this is your median!

What about a little rhyme?:
I don't know the rhyme

I don't know the riddle

I am the MEDIAN

And I'm in the middlel

3. The Mode
This is the final type of average, and the easiest one to work out.. so long as you remember how!

How to work out the Mode:
1. Find the most common piece of data (humber or letter) and this is your mode!
NOTE: You can have no modes or more than one mode, and you must write them all down!

What about a little rhyme?:
I don't want to brag *%

I don't want to boast
I am the MODE
I am the most * *
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4. The Range
The Range 15 a Measure of Spread, and tells you.. well, how spread out the data is!

How to work out the Range:
1. Subtract the smallest data value away from the biggest data value!

What about a little rhyme?:
From largest to smallest
See how they change

Take them away

And I am the RANGE

NOTE: I't's one thing knowing how o work out the three averages and the measure of spread,
but it's just as important to know how to interpret them! Hopefully this example will help!

The Big Cricket Example

Andrew Flintoff and Michazl Vaughn are having an argument in the pub trying to decide who
has had the better season with the cricket bat. Here are their scores:

20 35 22 55 60 O 0 0 2 0
10 7 32 64 86 5 5 370 £50
4 32 50 24 30 o 3 5 0 1

Use your knowledge of Averages and Measures of Spread to decide which cricketer has had
the better season
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NOTE:  The first point to notice is that by just looking at the scores as they are makes it hard
to come to a decision about who has had the better season.. that's why we need Statistics!

Secondly, just adding up the total amount of runs and deciding that way would not be
fair. Why?... well, because they have not played the same number of games!

50, there is only one thing for it.. let's work out some statistics!

1. The Mean

1. Add up all your data values
2. Divide this total by the number of data values

Michael Yauqhn

Andrew Flintoff

total runs scored: 551 total runs scored: 651

total games played: 15 total games played: 14

mean: 36.7 runs (1dp) mean: 46.5 runs

What does this tell us? - well, it looks like, on average, /Michoel Vaughn has had the better season

Good thing about the mean - notice how every single score was used to calculate the mean - this
means 1t gives a good summary of the whole season,

Bad thing about the mean - look at Michael Vaughn's scores. He only had two decent ones, and yet
his mean is far higher than Andrew Flintoff'sl This is because the mean is significantly
affected by outliers - pieces of data which stand out for being really low or really high like
the two scores of 370 and 250, You could arque that these have distorted the resultl
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2. The Median

1. Place allyour data values in ascending order (biggest to smallest)
2. The piece of data in the middle is your median

. 10 14 17 20 22 24 30 [32] 32 35 B0 55 60 64 86

Median = 32 runs

MNote: there are the same number of data (7 pieces) either side of the box!

c o o 0o 0o 0|1 2/ 3 5 b5 15 250 370

l

(1+2) = 2 = 1.5

Mediaon = 1.5 runs

MNote: there are still the same number of data (6 pieces) either side of the box!

What does this tell us? - well, this fime It looks like Andrew Flintoff has had the better season

Zood thing about the median - because we are only focussing on pieces of data in the middle,
outliers don't have as big an effect, so they cannot distort the results!

Bad thing about the median - the problem here is that you are only looking at - at most - a couple
of pieces of data from each player. ¥ou could arque that the result is not representative as a

lot of pieces of data (scores) are just ignored!
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3. The Mode
1. Find the most common piece of data (humber or letter) and this is your mode!

Andrew Flintoff

Michael Yaughn

mode: 32 runs mode: 0 puns

What does this tell us? - well, using the mode it again looks like Andrew Flintoff is on topl

Good thing about the mode - very speedy to work outl

Bad thing about the mode - can give distorted, or even no results. Imagine if Andrew Flintoff only
scored one innings of 32 runs.. he would have no mode to compare! Or, imagine if he instead
scored a couple of innings of 200.. the mode would then say this was his average!
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4. The Range
1. Subtract the smallest data value away from the biggest data value!

Andrew Flintoff

Michael Vaughn

largest value: 86 largest value: 370

smallest value: 10 smallest value: 0

range: 76 runs range: 370 runs

What does this tell us? - well, one answer that I often here is this: "Michael Vaughn has the
biggest range, so he is the best!".. but that's not quite right.

The bigger the range, the more spread out your scores are.. so the less consistent (brilliant maths
word that always impresses examiners/teacher) your performance is.

50, I would arque, because Andrew Flintoff has a smaller range, his performance is more
consistent, and therefore he has had the better season!

Good thing about the range - gives a very quick measure of how spread out the data is

Bad thing about the range - unfortunately, this statistic is vulnerable to outliers as welll Michael
VYaughn had a couple of big scores, and look at the effect it had on his rangel... This is why
mathematicians prefer to measure the spread of data using the Inter-quartile Range or
Standard Deviation.. but don't worry about them yetl

Sowho is the better cricketer? ...
Well, in the end, it's up to youl The most important thing is that you have shown vou can
calculate each of the statistics and - not a lot of people can do this - interpret what

they meanl
If you want my opinion, as a proud Lancastrian, Andrew Flintoff is much better!
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Estimating the Mean from Grouped Data

Example:

Calculate an estimate of the mean number of
fans attending the mighty Preston North End
football matches from the following table:

Attendance Frequency

0<A=5000 5
5,000<A<10,000 12
10,000< A = 15,000 24
15,000< A < 20,000 8

Okay, now do you see a problem here?... Look at the first group.. we know there were 5 matches
where between 0 and 5,000 people turned up, but we don't know exactly how many people were at

those matchesl.. One match could have had 1,309.. another 4,510.. we just don't know!

S0.. the best we can do I1s to make an estimatel

And what is our best estimate for that first group?... Well, the MID-POINT.. 2,500!

And that is how we calculate an estimate for the mean from grouped data:

1. Work out the mid-point

2. Work out the mid-point =< Freq for each group

3. Use this formula:

Sum of Mid-FPoint % Freq

Mean =

Total Frequency

l

Attendance Mid-Point Frequency Mid-Point x Freq 549500)
0<A < 5,000 2,500 5 12,500 Mean = ——e—
5,000<A<=10,000 7,500 12 90,000 =11.071 (nearest whole)
10,000+< A = 15,000 12,500 24 300,000
15,000< A < 20,000 17,500 8 140,000
TOTALS 49 542,500
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4. Cumulative Frequency and Box Plots

Why do we bother with Statistical Diagrams?

* The answer to this question is similar to the one for: "why do we bother working out averages
and measures of spreads?”.

* We live in aworld jam-packed full of statistics, and if we were forced to look at all the facts
and figures in their raw, unfreated form, not only would we probably not be able to make any
sense out of them, but there is also a very good chance our heads would explode.

* Statistical Diagrams - if they are done properly - present those figures in a clear, concise,
visually pleasing way, allowing us to make some sense out of the figures, summarise them, and
compare them to other sets of data,

1. What is Cumulative Frequency?

Cumulative is just a posh way of saying "add up as you go along”

Frequency i1s just a posh word for "ftotal®

So.. 1f you put them together, you get a very posh way of saying "add the totals up as you go
along”
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Big Example

To the right is a table showing the length of
time a group of 40 Year 10 students spent
playing on the Nintendo Wii on a gloomy week
in January. Draw a Cumulative Frequency
Curve, use 1T to estimate the Median and
Inter-Quartile Range, and construct a Box Plot

2. Adding a Cumulative Frequency Column

Hours spent playing Frequency

D<h<=1 2
1<h< 2 a]
2<h<3 10
3¢<hx4 15
4<hz6
6 <h < 10

Before you can even start thinking about drawing a Cumulative Frequency Curve, you need to be

able to add a Cumulative Frequency column to your Frequency table,

Remember, Cumulative Frequency just means thatyou add up the frequencies as you go along,

so that is exactly what you dol

Hours spent playing Frequency Cumulative Freq
0D<h=1 2 2
1<hz 2 5 7
2<h=z3 10 17
3<hz4 15 32
4<hz6 5 37
6 <h = 10 3 » 40

Check: This final entry should always equal the total frequencyl

This is the number of
people who play for 1
hour or less

A

This is the number of
people who play for 2
hours or less (6 + 2)

| people who play for 3

This is the number of

hours or less (6 + 2 + 10)
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3. Drawing the Cumulative Frequency Curve

Remember: we ploT Cumulative
Frequency (y axis) against the

Hours spent playing Frequency Cumulative Freq

upper boundary of each group 0<h =[1 2 2

(% axis) 1<h=[2 5 7

» 2<hz3 10 17

So.. for group one it's 1 on the PR = -
% axis and £ on the vy

4<hzé 5 37

6 <h = 10 3 40

and for group two, it's £ on the
% axis and 7 on the v..

Things to notice about the Cumulative Frequency Curve:

1. When you have finished plotting the points, join them up with a smooth curve,

2. Native the curve starts at (0, 0). This is because there is nobody playing less than O
hours a week!

3. You must label your axis correctly, or you lose very easy marks!
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4. Estimating the Median and Inter-Quartile Range

We have spent awhile drawing our cumulative frequency curve, so we may as well use it
Very quickly we can come up with estimates for the Median and the Inter-Quartile Range

(a) Median

As you hopefully remember, the Median is the MIDDLE value.
To find it we:

1. Work out what is 50% of our total frequency (half way up  73%7 ===~
the y axis) e

100%¢=========

2. Draw a horizontal line across until it hits our curve )
i . . . 0
3. When it hits the curve, draw a vertical line down fo the x 25 :
axis 0 L >
4. The value on the x axis is our Median Lower /MeLian\ Upper
Quartile Quartile

(b) Inter-Quartile Range

For this we need to work out the upper quartile (UQ) and the lower quartile (LQ), and then
calculate: LD - LG

To find the Upper Quartile:

1. Work out what is /5% of our total frequency (three-quarters of the way up the v axis)

2. Draw a horizontal line across until it hits our curve

3. When it hits the curve, draw a vertical line down to the x axis

4. The value on the x axis 1s our Upper (Quartile

The Lower QQuartile is the same, but 25% (one-quarter) of the way up!
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40 Curmlatiue fr;equency

e e s

" "

$ 58 7 : : 10

Median: Upper Quartile Lower (Quartile Inter-Quartile Range
50% of 40 = 20 5% of 40 =30 2b% of 40 =10 = U - LQ
Median = 3.2 hours UQ = 3.8 hours LQ = 2.4 hours =3.8-24

= 1.4 hours

Remember: The Median is a form of average, and just like the
Range, The Inter-Quartile Range is a measure of consistency
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9. Drawing Box Plots

Box Plots are another way of representing all the same information that can be found on a
Cumulative Frequency graph.

Top Tip: if you have the chance, draw your box plot directly below your cumulative

frequency graph, using the same scale on the x axis, and you can just extend the vertical
lines dowrwards and save yourself a lot of timel

Lowest value Median Highest value
Lower Quartile Upper Quartile
4 >
Inter-Quartile Range
< >
Range

MNote: The minimum value is the lowest possible value of your first group, and the
maximum value is the highest possible value of your last group
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Curmulative Frequency

Min Value = 0
LQ = 2.6

Median = 3.2
UQ =38
Max Value = 10

Tirme Spent Playing Wii (hours)

..........................................
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Time Spent Playing Wil (hours)
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5. Pie Charts

Why do we bother with Statistical Diagrams?

* The answer to this question is similar to the one for: “why do we bother working out averages

and measures of spread?”,

* We live in awaorld jam-packed Tull of statistics, and If we were forced to look at all the facts
and figures in their raw, untreated form, not only would we probably not be able to make any
sense out of them, but there is also a very good chance our heads would explode,

* Statistical Diagrams - if they are done properly - present those figures in a clear, concise,
visually pleasing way, allowing us to make some sense out of the figures, summarise them, and

compare them to other sets of data.

Big Example

A group of 72 maths teachers were asked to

choose their favourite TV show from a list,

and their responses are shown in the table on

the right. Construct a pie chart to illustrate
this information

TV Show Total
Lost 12
Heroes 10
Desperate Housewives 4
Countdown 15
Teachers TV 13
The Beauty of Maths 18
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1. Working out the Angles

* Before you can start to draw the pie chart, you need to know how big a slice each of the
choices Is going to take up - in other words, you need to know the angle of each seqment

* Towork this out, you need to remember that there are 360 degrees in a circle

* That means there are 360 degrees to share between each of the people who took part in the
suryey

* How many degrees does each person get?.. Well, divide 360 by the number of people
suryeyed!

To Calculate the Angles
1. Add up the total number of pieces of data

2. Divide 360 by this number - this tells you how many degrees is allocated to
each piece of data
3. Towork out the size of angle for each cateqory, multiply tThe answer to 2.

by the number of people in each category - rounding your answers sensibly
I you need to.

4. Check: Before you start to draw, make sure you check that your total
humber of degrees does add up to 360!
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Our Example:

1. 50, we have a total of 72 teachers who were surveyed. @ k
2. 360+72=D0
5o.. each teacher is worth 5 degrees on our pie chart ;‘ &

3. We know how many teachers are in each segment, so let's use our answer o 2. fo
work out what angle each seqgment gets

TV Show Total Working Out Angle of Segment
Lost 12 12 x 5 = 60 60°
Heroes 10 10 x 5 =50 50°
Desperate Housewives 4 4 x5 = 20 20°
Countdown 15 159 x 5 =75 759
Teachers T 13 13 x 5 = 65 65°
The Beauty of Maths 18 18 x 5 = 90 90°

Remember: Check this column adds
up to 360 before you move on!
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2. Drawing the Pie Chart
You've done all the hard work, and drawing the pie chart should be easy.. but you'll be amazed

how many people mess it up, so take your time and follow these steps..

1. Draw a circle using a compass. Mark the centre
with a dot and draw a straight line from the ‘
centre up to the right of your circle | R ‘%

)

2. Carefully place your angle measurer along the line,
with the centre exactly on the centre of the
circle. Now, count around from O until you reach
the correct number of degrees - in this case 609 -
and place a dot

Return to contents page




3. Join up your dot to the centre with a straight line,

and label your segment,
Lost

4. Now, this is the tricky bit.. furn your pie chart
clockwise until your new line is horizontal (where
the first line used to be). Now you can mark your
next angle in exactly the same way.

\.

9
%
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5. Keep doing this until you have drawn all your segments

Check: You will know if you have got it right if the line to make your final
segment is the very first line you drew!

6. If you want to you can colour inyour segments, but you must remember
to label them clearly, or add a key!

Maths Teachers' Favourite TV Shows
O Lost

@ Heroes

O Desperate
Housewives

O Countdown

m Teachers TV

O The Beauty of
Maths

Return to contents page




3. What CAN we tell from Pie Charts

* Well, if you look back at our pie chart, you will see that it shows pretty clearly that The
Beauty of Maths was the most popular choice amongst our maths teachers, whereas Desperate
Housewives was the least popular

* If youwant to be really fancy, you might be able to say things like: "roughly 3 times as many
teachers preferred Lost to Desperate Housew ives”

4. What CAN’'T we tell from Pie Charts

* Well, imagine we were just given our pie chart (and no original data), and someone said: "how
many maths teachers said that Countdown was their favourite show?", what would we say?...

* Well, probably not a lot, because there is no way of knowing|

* Unless we are told how many people were surveved all fogether, we cannot answer that
question!

* When making statements based on Pie Charts, just make sure what you are saying is
definitely, 100% true!
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9. Interpreting Pie Charts

Big Example 2
240 Maths teachers were asked "what is your

favourite drink?" and a pie chart was drawn to
show to information,

Work out how many teachers preferred coffee

To answer this question we must do the opposite of what we did when we were drawing the pie
chart - we must use our angles to find our totals!

Let's look at coffee.. it takes up 84" out of 360, and what we want to know is "how much does
It take up out of our 240 people?”

Well, what about using this as an excuse to show off our Algebra skillsl...

84 ? Multiply both sides by 240 84

- - s = 9
50 = 90 - e X 240=

5o, turning to our calculator, we get an answer of.. 56 people
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* 6. Stem and Leaf Diagrams

Why do we bother with Statistical Diagrams?

* The answer to this question is similar to the one for: “why do we bother working out averages
and measures of spread?”,

* We live in aworld jam-packed full of statistics, and if we were forced to look at all the facts
and figures in their raw, untreated form, not only would we probably not be able to make any
sense out of them, but there is also a very good chance our heads would explode.

* Statistical Diagrams - if they are done properly - present those figures in a clear, concise,
visually pleasing way, allowing us to make some sense out of the figures, summarise them, and
compare them to other sets of data.

1. What are Stem and Leaf Diagrams ——

* To be honest, Stem and Leaf Diagrams are ‘/

just a fancy way of listing a fairly large 03579

group of numbers in order 28 3 AN W DT YOO IO S W

* They are seen as a quicker, more 2.p b4 449 .
convenient, and ultimately more useful way 300 I 4 8 leaves

of presenting data than just a long list of PR

numbers, |

Key: 3 I = 31 minutes

* An example of a typical Stem and Leaf
Diagram is on the right
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Big Example
Here are the times (in minutes) that it takes Mr Barton to actually get out of bed after his
alarm has sounded on a Monday morning:

12 6 20 24 HhZ 41 3 3b bh 32 11 13 2 25 39 41 bZ 13 B9 18 22 £9 3b

(R

Use the data to construct a Stem and Leaf Diagram, and then calculate the /Medion and
Inter-Quartile Range

2. Constructing a Stem and Leaf Diagram

1. Decide onyour stems - these are the digits which go down the left hand side of your
diagram. ¥ou should choose them in away so that you have between 4 and 10 groups, and so
that each of your leaves 15 only one digifl

2. 5o through your data, in the order inwhich it is written, and add it to the correct stem on
vour diagram. I would mark each piece of data once it has been entered, so you don't loose
your spotl

3. When completed, this isyour un-ordered stem and leaf diagram

4. Now draw yourself another stem and leaf diagram, but this time put the leaves in order!

MNote: Everyone seems to want to jump straight to the ordered stem and leaf diagram, but I
promise you this way is quicker and a lot safer in terms of mistakes!
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Qur Example

1. For our stems, we only need the first digit of
each piece of data, and I think & groups
should do us!

Note: to make sure we can enter the single digit
pieces of data, we must make our Tirst stem
start with O

A W N = O

2. Nextwe begin to go through our data, creating them leaves of our diagram, marking off
each piece of data as we use it..

1.2620 24 b2 41 3 3b bb 32 1113 2 2b 38 39 41 bZ 13 b9 18 22 29 3b
® o

0 |6 > 0|6 3 2

1| 3. Continuing like this eventually 112 1 3 3 8

2 | gives us our un-ordered stem 5|0 4 5 2 o
and leaf diagram

3 3|5 2 8 9 5

4 4 |1 1

5 512 5 2 9
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Things to Notice:
a) For numbers like 20, we must place a O as our leaf
b) Single digit numbers are placed on the top stem

¢) Ifwe come across a number thatwe have already recorded, we must record it againl

4. Having made sure that we have 24 digits as the leaves of our diagram (there are 24 pieces
of datal), we can now very quickly change our unordered diagram into an ordered one by

placing the leaves on each stem.. in order!

3
1

& 2

2 3 3 B
0 4 5 2 0
B 2 8 7 b

1 1
2 b 2 9

A W N = O

A W N = O

2 3 6
1 2 3 3 8 Key
0 2 4 5 O

20 =20
2 5 5 8 0
11
2 2 5 0

5. And the final thing we must remember to add to our diagram is a KEY!

You must let anyone who looks at your diagram know exactly what each of the leaves stands
for.. soin this case, I have chosen the 2 and the O from the 379 row, and just explained

that this is actually 20!
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3. Finding the Median and Inter-Quartile Range from a Stem and Leaf Diagram

Remember: our Stem and Leaf Diagram is just a group of numbers, written out in order.. and so
we don't have to learn any different skills to find the median and infer-quartile range!

(a) Finding the Median

It's the usual thing.. the median is the middle number.. and if there is an even amount of
nhumbers, then you will have two numbers in the middle.

Draw a box around the number/numbers you think are in the middle, and make sure you have
the same amount of numbers on either sidel

0 |2 3 6
111 2 3 3 &8 Check: There are 11 numbers to the left of our
box, and 11 numbers to the right!
2|10 2 4[5 09
Our median is half way between our two numbers
3|12 5 b 8 9 In the box, and so 15... 27|
4 |1 1
50 many people would put /.. but remember
> 12 2 5 ¥ what the leaves actually stand for!
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(b) Finding the Inter-Quartile Kange

Remember:  Inter-Quartile Range = Upper Quartile - Lower (Quartile

The wWay I do this is to think of the Lower ':__:\'I_ll'_"l.r‘THEf as being the median of the lower half of
numbers.. and the Upper Quartile as the median of the upper half of numbers.

And I just find these values the same old way.. using my boxes, and making sure there are the
same amount of numbers on either sidel

13+13
0 2 3 6 =13
B i Lower Quartile = 13 2
11 23 318 (5 numbers either side in the lower half)
210 2 4 5 0
AN 3|2 5 b B8 |[F° 39+ 41 40
n 4 I[111 Upper QQuartile = 40 2
(9 numbers either side in the upper half)
912 2 b 0
Inter-QQuartile Range = 40 - 13
= 27
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4. What's GOOD about Stem and Leaf Diagrams?

* Well, the major advantage over things like bar charts and histograms, is that no information
15 lost - the stem and leaf diagram keeps and allows you o see each original piece of data

* It is also quite an effective way of ordering and displaying relatively small sets of data

9. What's BAD about Stem and Leaf Diagrams?

* Well, it's quite Time consuming, and impractical for large data sets, Imagine how long it would
take to sort over 300 pieces of data, and how complicated the final diagram would look!
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7. Bar Charts and Histograms

=

1

Why do we bother with Statistical Diagrams?

* The answer to this question is similar to the one for: "why do we bother working out averages

and measures of spread?”.

* We live in aworld jam-packed Tull of statistics, and If we were forced to look at all the facts

and figures in their raw, untreated form, not only would we probably not be able o make any
sense out of them, but there is also a very good chance our heads would explode.

* Statistical Diagrams - if they are done properly - present those figures in a clear, concise,
visually pleasing way, allowing us to make some sense out of the figures, summarise them, and

compare them to other sets of data.
Length of Appluse (nins) Frequency

Big Example D<asl Z
To the right is a table showing the length of l<asg2 4
applause after Mr Barton announces that 2<a<3 15
there will be no homewaork tonight. Construct a 3<a<5 10
Bar Chart and a Histogram, and comment on =
the differences S<hss8 6

8 <h =13 a]

Return to contents page




1. Drawing a Bar Chart (Frequency Diagram)

Note: Sometimes bar charts are called Frequency Diagrams!

1. Decide on an appropriate scale to fit the paper you are working with - as a general rule, the
bar chart (or any statistical diagram, for that matter) should take up between half and
three-quarters of the space you have to work with,

Crucial: ¥Your numbers must go up in equal stepsl.. see 5. Scatter Diagrams for examples of
some very dodgy scales!

2. Labelyour axes, Is it usual to put frequency (total) on the v axis, and whatever the data is
along the x axis.

3. Carefully draw in your bars.. and add a titlel

MNote: In examples like this where the groups are numbers, then it is usual to have the bars

touching each other
If the groups were cateqories (such as "colour of cars®), then you could have gaps between your

bars if you likel
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A Bar Chart to show the Length of Applause after Mr Barton says "no homework”
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2. Drawing a Histogram

The major difference between a bar chart and a histogram is what goes on the v axis
On a Bar Chart 1t is Frequency

On a Histogram it is.. Frequency Density!

The reasons for this will be discussed soon!

1. Add two extra columns to your table.. Group Width and Frequency Density

2. Towork out Group Width, we just do the upper limit of each group minus the lower limit

3. Towork out Frequency Density, we use this lovely formula:

Frequency
Group Width

Frequency Density =

4. We then plot frequency density on the v axis, and our data on the x axis as before

MNote: In Histograms you have no choice.. the bars must always be touching
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Group Width: 1- 0= 1 Frequency Density:
2+1=2
Length of Applause (ins) Frequency \Group Width Frequency Density

D<axl 2 R 2 a

l1<a<?2 1 4

2<az3 15 1 15

3<a<=h 10 2 9

5<h=z38 6 3 2

8§ <h =13 5 ‘9 1 .

Group Width: 13-8=5 Frequency Density:
h+h=1
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A Histogram to show the Length of Applause after Mr Barton says "no homework”
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3. What is the Point of Histograms?

Have a quick look back at the two diagrams

* On the Bar Chart, which group looks like it has the most people in it?.. maybe the last
one?.. because It takes up such a Iarqp area compared to the other groups.. but if you look
on the table of data, this group only had a total of 5l

50.. Bar Charts can be deceptive

But look at the Histogram..the group that looks the biggest now is the "between £ and 3
minutes” group.. and this is the group that has the highest frequency!

The reason for this is that in a Histogram, the areas of the bars are proportional to the
frequency, and not just the height like a bar chart,

MNote: I all our groups had the same width, i1t wouldn't matter, but often they do not, so
that is why Histograms tend to be used more than Bar Charts!
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4. Interpreting Histograms

Example: Here is a Histogram showing the time taken by some year 7s to complete all their
times tables. Find the frequencies of each group.

20 ¢ frequency dersity
18

16
14

12
10

Rk
...t

+.1. 1. 1. 1.

[ R CNR « 5 B «

firre [nns)
1 2 3 4 ] & 7 8 3 10 1" 12 13 14

This time we are given Frequency Density, and asked to work out Frequency.. well, if we do a
little re-arranging to our formulawe get..

Frequency = Frequency Density x Group Width
Time (mins) Frequency Density Group Width Working Frequency
D<«<t=3 2 3 2% 3 =6 é
3¢teh 4 2 4%x2=8 8
9<t=6 10 1 10 x 1 =10 10
6<t=8 5 2 5x 2 =10 10
g<t=12 1.5 4 15 x4 =46 é
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8. Scatter Diagrams

Why do we bother with Statistical Diagrams?

* The answer to this question is similar to the one for: "why do we bother working out averages
and measures of spread?”,

* We live in aworld jam-packed full of statistics, and if we were forced to look at all the facts
and figures in their raw, untreated form, not only would we probably not be able to make any
sense out of them, but there is also a very good chance our heads would explode.

* Statistical Diagrams - if they are done properly - present those figures in a clear, concise,
visually pleasing way, allowing us to make some sense out of the figures, summarise them, and
compare them to other sets of data.

1. Drawing the Correct Scale

It never ceases to amaze (or depress) me just how many people get everything else correct
when drawing a statistical diagram, but mess up their scale and lose loads of marks!

Remember: When choosing a scale, make sure you always go up in equal steps along each axes!

Here are some examples of some really dodgy scales, See if you can tell what is wrong with
each.. and make sure you never make the same mistake!
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The Answers

L)

2}

3)

4)

This person has messed up their negative numbers, Remember, scales must go from
smallest to biggest, from left to right, and down to up.

Classic mistake. Numbers must go on the lines, not between the spaces!

How many times have I seen this? The spaces around the centre (origin) are not equal. Look
at the gap between 2 and - 2... Deary mel

Inconsistent scales! Notice the numbers go up by 1 in the negatives and then £ in the

positives!

MNote: Another mistake in all of the diagrams is that the =< and v axes are not labelled!

Big Example

Below is a table showing the number of pupils who fail o hand in their maths homework each
day, and the minutes of yoga I need to do to calm myself down

Pupilsmissing | 9 | g | 5 g | 2 | 0o | a4|la |56 1]a
homework

Minutes of yoga | 10 12 9 2b 8 3 15 | 20 | 26 | 10 7 10

Draw a scatter diagram to show the information, add a line of best fit, and comment on the
carrelation
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2. Drawing a Scatter Diagram

1. Decide on an appropriate scale that will look a decent size and fit all the data in!

MNote: It doesn't really matter which set of data goes on the x
personally I like to put the one with the biggest numbers o
label both axes, including units!

axis and which on the y.. but
n the y axisl EUT: remember fo

2. Carefully mark each piece of data on your diagram with a dot/cross, and when you have
finished, check you have the correct number of crosses!

Tmnuezoiyogs

! pupiz mizzing homework

1 2 3 4 b 6 ) g 9 10 11 12 13 14 16 16
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3. The Line of Best Fit

This is a single straight line which is supposed to be a good representation of the pattern/

trend of the data

Tips for drawing it:

* Try to get roughly the same amount of points above the line as below
*  Experiment by using vour ruler asvour line, and only draw the line in when you are happy
L=

MNote: Your line does NOT have to start at the origin (0, 0)

minutez o1 yogs
=
o
B
o o
o
5
1 2 3 4 b 6 T d 4

10

Don't spend too long deciding, and don't try to make it perfect!

1"

12

pupiz mizzing homework

13 14 16 15
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4. Correlation

The most important use of scatter diagrams is to determine the type (If any) of correlation
between two variables

Caorrelation is just a posh word for relationship,

There are two categories of correlation that you need to be familiar with:
DIRECTION STRENGTH
Positive - line slopes upwards Strong - dots are close to each other
As one variable increases, so does the other Weak - dots are far apart
MNegative - line slopes downwards Tip: When deciding on the strength of
As one variable increases, the other correlation, I have a little rule: "the

decreases longer it takes me to decide where

Mo correlation - line is close to horizontal to draw the line of best fit, the
No relationship between the variables weaker the correlation”

Strong negative VWeak Positive Mo Correlation

Looking at our example, I would say there is a fairly strong, positive correlation. This is no
surprise, because as the number of missing homeworks increases, so to does my need for yogal
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9. Using your Line of Best Fit

Once we have drawn our line of best fit, we can use it to predict results we don't already have
Note: The stronger the correlation, the more reliable these predictions will bel

I‘minuus siyoqs

pupis misiing homework

4 10 1" 12 13 14 16 16

Question 1 IT 7 pupils forget to hand in
their homework, how many minutes of yoga
might Mr Barton do?

Question 2: I Mr Barton does 28 minutes
of yoga, how many pupils might have
forgotten their homework?

Following the red line up and across gives..

16 minutes

Following the purple line across and down...

14.5 pupils
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